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Summary
Knowledge of the stress sensitivity of elastic-wave velocities in sedimentary
rocks with diﬀerent consolidation is important for several geophysical applica-
tions such as seismic pore pressure prediction, time-lapse seismic analysis and
not least in seismic exploration. Since clays or shales are more compactable
than sand or sandstones they often experience large plastic deformation caus-
ing both clay platelet orientation and porosity reduction of the order of 50% or
more. The interplay between stress and porosity eﬀects may mask the stress
sensitivity of velocities in clays or shales. The porosity loss occurring in sand-
stones during mechanical compaction is generally slower and hence the stress-
induced velocity changes are better preserved at least prior to the onset of
grain cementation. Small amounts of contact cement, 1 to 2% of the total rock
volume, can have a dramatic eﬀect on velocities and their corresponding stress
dependence. We demonstrate this reduction in stress sensitivity of elastic-wave
velocity between sandstones of diﬀerent consolidation through comparison of
rock physics contact model-predictions of compressional to shear velocity ra-
tio (Vp/Vs), with similar estimates obtained from time-lapse seismic amplitude
versus oﬀset (AVO) data from two oil producing ﬁelds.
Furthermore, modiﬁed contact models are proposed to investigate the role
of the combined eﬀects of intergrain contact friction, increasing diﬀerential
stress and stress ratio in relation to the propagation direction of the elastic-
waves in granular media. Model-predictions are compared with ultrasonic mea-
surements obtained from experimental compression tests on unconsolidated
sands.
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Chapter 1
Thesis introduction
This thesis is a contribution towards a better understanding of the role of stress
on elastic-wave velocities in granular media such as sand and sandstone. Since
these constitute the more abundant types of coarse-grained sediments, much
eﬀort has been invested into experimental work towards better understanding
the stress sensitivity of their elastic-wave velocities. This is partly driven by
the increased use of time-lapse (4D) seismic data for subsurface characteriza-
tion to improve hydrocarbon recovery rates, but also by seismic exploration
through more quantitative interpretation techniques which use seismic veloc-
ities and amplitudes for pore pressure prediction, lithology and hydrocarbon
identiﬁcation.
In this chapter, I will brieﬂy explain the role of stress on elastic-wave ve-
locities in a broader sense as burial turns sediments into rocks. At the end a
brief summary of the individual papers of this thesis is given.
1
2 Thesis introduction
1.1 Controls on elastic-wave velocities in sediments
and rocks
The sedimentation processes lead to deposition of various kinds of unconsol-
idated sediments in basins. These newly deposited unconsolidated sediments
are characterized by loosely packed, uncemented fabrics with high porosity and
high water content. As sedimentation continues in subsiding basins, older sed-
iments are progressively buried by younger sediments to increasingly greater
depths (z). Burial is accompanied by an interplay of physical and chemical
changes that take place in the sediments in response to increasing overbur-
den stress and temperature that causes sediment to compact, converting loose
soil-like material slowly into consolidated rocks. Thus unconsolidated sand is
lithiﬁed into sandstone while siliciclastic clay is hardened into shale. Conse-
quently, the porosity and permeability of the various sediments decrease with
depth causing the bulk density and elastic wave velocities to increase with con-
solidation. The response of the sediment compaction is often seen in many
velocity and density logs as an increase in the their low-frequency components
with depth, see Figure 1.1. From a seismic processing point of view, it is this
low frequency component that normally is estimated though velocity analysis.
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Figure 1.1: Example log suite. Left: Density, S-wave velocity, P-wave velocity and Porosity.
Zero depth represents the seadbed.
Often, clays or shales are more compactable than sand or sandstones (Rieke
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and Chilingar, 1974; Wolf and Chilingarian, 1975; Allen and Allen, 1990). Con-
trast in framework explains the diﬀerence in porosity loss. Newly deposited
clay consists of an open framework of clay platelets of diﬀerent mineralogy
(Hornby, 1994; Sayers, 1999; Wang et al., 2001) which usually collapses and
deforms gradually as burial proceeds. For sands, the framework consists of
dense, semi-spherical rigid grains, packed together and dominated by durable
quartz (Boggs, 1995) that resists mechanical compaction better that clay and
shale. Numerous mechanical compaction experiments performed on sands and
clays (Rieke and Chilingar, 1974; Magara, 1980; Zimmerman, 1991; Chuhan
et al., 2002; Mondol et al., 2007; Zimmer et al., 2007) conﬁrm such diﬀerence
in porosity loss. This large-scale lithology and porosity variation may cause
the low frequency component of some velocity and density logs to exhibit a
blocky character (Storvoll et al., 2005).
The changes in petrophysical (porosity, mineralogy, cement) and elastic
properties (e.g. velocities) of sediments are complex functions of both mechan-
ical and chemical compaction processes that predominate at diﬀerent depths as
a result of changes in overburden stress, pore pressure and temperature (Athy,
1930; Hedberg, 1936; Johnston, 1987; Graham et al., 2004; Mondol et al., 2007).
Mechanical compaction is a function of both rock frame compressibility and dif-
ferential stresses (overburden stress minus pore pressure) and dominates in the
shallow parts of the basin at depths down to about 2-5 km depth depending on
the geothermal gradient of approximately 15-30◦C/km. Chemical compaction
on the other hand involves interactions between porous solids and interstitial
ﬂuids, i.e. precipitation of minerals (cementation), that usually dominates in
the deeper parts of the basin beyond >75◦C where time, temperature and
mineralogy are the main controlling compaction components (Bjørlykke et al.,
1989; Horbury and Robinson, 1993; Bjørlykke, 1999; Lander and Walderhaug,
1999; Avseth et al., 2008). In case of mechanical compaction where we con-
sider hydrostatic or overburden principal stress conditions (σ1=σ2=σ3), water
within the pore spaces of the rocks is connected to the sea above. The litho-
static stress (σ3=σz) is due to the weight of the ﬂuid saturated rock (ρb) and
is given by
σ3 (z) =
∫ h
0
g (z) ρb (z) dz, (1.1)
where g(z) is the acceleration due to gravity, and h is the total depth. Similarly,
the pore pressure Ppore is the weight of the water column, and is give by
Ppore (z) =
∫ h
0
g (z) ρf (z) dz, (1.2)
where ρf (z) is the pore ﬂuid density as a function of depth. In Figure 1.2 a
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schematic lithostatic and pore pressure depth trend is shown. According to
Terzaghi’s principle (Terzaghi, 1943) the diﬀerential stress (σ
′
3) acting on the
rock frame is given as
σ
′
3 = σ3 − Ppore. (1.3)
Since the bulk density of ﬂuid ﬁlled rocks is always greater than the pore
ﬂuid density, the diﬀerential stress will increase with depth. Velocities in sed-
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Figure 1.2: Schematic stress and pore pressure depth trends. Zero depth in this ﬁgure
represents the seadbed where the diﬀerential stress equals zero (lithostatic stress = water
pressure).
imentary rocks also depend upon the in-situ diﬀerential stress (Wyllie et al.,
1958; Gueguen and Bouteca, 1999) and hence the increasing diﬀerential stress
is therefore accompanied by an increasing P-wave and S-wave velocity (Figure
1.1).
1.2 Stress-dependent elastic-wave velocities in gran-
ular media
The loss in porosity (φ) occurring during burial has a primary eﬀect on the
elastic wave velocities of sand when it converts into sandstone. However, the
interplay between porosity loss, increasing diﬀerential stress and lithiﬁcation
causes velocities in sand and sandstone to increase. Experimentally, it can
be diﬃcult to separate out the individual eﬀects but contact theory captures
the stress sensitivity of velocities in unconsolidated sands and sandstones since
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it assumes constant porosity with increasing diﬀerential stress. Figure 1.3
compares P-wave, S-wave velocity and velocity ratio (Vp/Vs) as a function of
diﬀerential stress obtained from water saturated unconsolidated sand samples
(circle symbols), with Walton’s contact model (black solid line) assuming near
zero contact friction (slip limit) between spherical grains and pores ﬁlled with
water using Gassmann’s relation (Gassmann, 1951). In general, elastic wave
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Figure 1.3: P-wave, S-wave velocity and Vp/Vs as a function of isotropic diﬀerential stress
obtained from ultrasonic measurements on water saturated unconsolidated sands samples.
The black solid lines represents model-predictions of water saturated P-wave and S-wave
velocities of a spherical grain pack of 36% porosity obtained from combining Walton’s slip
limit (Walton, 1987) with Gassmann’s equation (Gassmann, 1951). The modeling assumes
solid quartz grains using moduli and density from Mavko et al. (1998) together with a ﬂuid
modulus of 2.20 GPa and density of 1.03 g/cm3. Data courtesy Domenico (1977); Yin (1992);
Prasad (2002); Zimmer (2003).
velocities (V ) of granular rocks will increase with increasing diﬀerential stress
(σ′) as seen from Figure 1.3. This is intuitive since compression stiﬀens and
broadens the contacts between the grains. The largest velocity change, in
e.g. water saturated unconsolidated sandstones, is observed at low diﬀerential
stresses where S-wave velocity show stronger stress sensitivity than P-wave
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velocity (Figure 1.3).
According to Holt et al. (2005), the stress sensitivity of velocities (ΔV/Δσ′)
can be expressed as
ΔV
Δσ′
=
ΔV
Δφ
Δφ
Δσ′
, (1.4)
when assuming that porosity is the only parameter controlling wave velocity
changes with stress. Experimentally, a constant volume (or constant porosity)
compression test can be design to capture the pure stress sensitivity of velocities
(ΔV/Δσ′)φ=constant for a speciﬁc granular material similar to that shown in
Figure 1.3. A more comprehensive overview of modeling approaches as function
of stress, porosity and cracks are found in Wang and Nur (1992); Mavko et al.
(1998); Avseth et al. (2005); Fjær et al. (2008).
Laboratory experiments on granular rocks undergoing monotonic isotropic
loading, an increase in velocities as shown above occurs with increasing diﬀer-
ential stress in all directions (Holt et al., 2005). However, in case of a uniaxial
compression (zero lateral strain) the rates of velocity increase are larger when
the wave propagation direction coincides with the largest stress direction (Nur
and Simmons, 1969; Yin, 1992; Ruiz, 2003; Sayers, 2005b; Chen et al., 2006;
Sherlock et al., 2007). Figure 1.4 shows the change in the Thomsen anisotropy
parameters (Thomsen, 1986) derived from multi-directional velocity measure-
ments of Yin (1992) on sandstone as the horizontal-to-vertical stress ratio
(K0 = σ1/σ3) decreases. The largest negative anisotropy value is observed
for the Thomsen P-wave anisotropy parameter . This particular observation
may be explained by the fact that P-wave velocity depend mainly on the stress
component in the direction of wave propagation. S-wave velocity depend about
equally on vertical and horizontal compressional stress components in the di-
rection of wave propagation and particle motion (Yin, 1992; Chen et al., 2006).
The stress-induced P-wave velocity anisotropy () will therefore be greater than
the S-wave anisotropy (γ) because the diﬀerences of the P-wave velocities in
the vertical and horizontal directions are greater than the diﬀerence of the
SH-wave velocities between vertical and horizontal directions. Hence,  will be
greater than γ as observed in Figure 1.4.
1.2. Stress-dependent elastic-wave velocities in granular media 7
00.20.40.60.81
−0.2
−0.15
−0.1
−0.05
0
0.05
0.1
0.15
0.2
Th
om
se
n 
an
is
ot
ro
py
 p
ar
am
et
er
s
K0
Dry Massillon sandstone, Yin 1992
 
 
Bulk density = 2.06 g/cc, φ = 22.1%
ε γ δ
Figure 1.4: Thomsen anisotropy parameters (Thomsen, 1986) as a function of the stress
ratio (K0) for a dry cemented Massillon sandstone of about 22% porosity undergoing axisym-
metic compression. Data courtesy Yin (1992).
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1.3 Thesis outline
The main part of the thesis consists of three independent papers two of which
is already published and one prepared for publication in international geophys-
ical journals. An additional fourth paper included in Appendix A of the thesis
is motivated based on analysis and results obtained in chapter 2 by using a
diﬀerent approach to model stress-dependent elastic wave velocities in sand-
stones. In addition, a short chapter containing concluding remarks is placed
in chapter ﬁve.
The paper in Chapter 2, Vp/Vs ratio versus diﬀerential stress and rock
consolidation - A comparison between rock models and time-lapse
AVO data, presents a simple and straightforward rock physics calibration pro-
cedure to assess the stress sensitivity of compressional to shear velocity ratio
(Vp/Vs). The objective is model the stress dependence of the velocity ratio as
observed from experimental core measurements on sandstones with diﬀerent
degree of consolidation at various diﬀerential stresses. By combining a well
accepted granular contact model (Hertz-Mindlin model) with the ﬂuid substi-
tution model of Gassmann, we show how to obtain a rock-physics framework
including both the diﬀerential stress and the degree of rock consolidation. We
use the number of grain-to-grain contacts in our model (coordination number)
to represent the rock consolidation. For two North Sea ﬁeld examples (Gull-
faks and Statfjord), we calibrate this consolidation parameter to in-situ stress
conditions, and compare the Vp/Vs predictions of the overpressured reservoir
conditions with those obtained from real seismic time-lapse AVO changes. The
calibration exercise gives signiﬁcant diﬀerences in the estimated coordination
number for Gullfaks and Statfjord, indicating that the Gullfaks reservoir sand-
stone is the least consolidated. Hence, the largest AVO-estimated Vp/Vs is
obtained for the Gullfaks data. The idea behind the paper is with contribu-
tions from both authors. The ﬁrst author is the main contributor of derivations,
graphics, layout and writing of the paper. My co-author’s contributions include
technical discussions and suggestions, review of text, equations and suggestions
towards formulations in the paper.
The paper in Chapter 3, Using Mindlin theory to model friction-dependent
shear modulus in granular media, we derive based on a well accepted
contact model assuming two special contact boundary conditions representing
inﬁnite and near zero friction between grains, an explicit expression for the
eﬀective shear modulus of a random packing of identical spheres as a func-
tion of Mindlin’s tangential stiﬀness based on interparticle contact friction.
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Our model predicts a non-linear transition between two special grain contact
conditions representing inﬁnite friction and near zero friction. The Mindlin
friction term, allowing partial slip across the contact area between pairs of
spheres, can be viewed as a parameter accounting for the growing macroscopic
intergrain friction in sands or sandstones as burial progresses. The motivation
behind our approach is to incorporate the eﬀect of intergrain friction in the
prediction of velocities in unconsolidated sands undergoing mechanical com-
paction. Comparison of elastic properties, e.g. our dynamic shear modulus
predictions with experimental data on loose glass bead and sand samples ap-
pear to match reasonably well at low conﬁning stress (<5 MPa), but greater
deviation is observed with increasing conﬁning stress where both experimen-
tal datasets gradually crosses the ﬁrst few iso-frictional grain contact curves
predicted with our model. The sand sample, composed of grains of same size
but of higher angularity as compared with the glass beads, has higher dynamic
shear modulus and shear velocity which is favorable to explain through grain
interlocking. The ﬁrst author is the main contributor of the idea, derivations,
graphics, layout and writing of the paper. My co-authors contributions include
technical discussions and suggestions, review of text, equations and suggestions
towards formulations in the paper.
The paper in Chapter 4, Modeling stress- and friction-dependent elas-
tic anisotropy in granular media, we present a similar approach as that
of chapter 3 where new eﬀective moduli expressions of a random dense pack-
ing of identical elastic spheres undergoing uniaxial strain loading are derived.
Our stating point is a published contact model deﬁned for two special contact
boundary conditions representing inﬁnite and near zero grain-to-grain friction.
We propose an intermediate model by incorporating the eﬀect of interparticle
contact friction through Mindlin’s extended tangential contact stiﬀness. Since
the sphere assembly is assumed exposed to uniaxial strain loading, it becomes
transversely isotropic with a vertical axis of symmetry (VTI). The eﬀective
sphere assembly with frictional contacts is described explicitly either in terms
ﬁve elastic moduli or by use of the Thomsen notation where all are a function
of the Mindlin friction term (f(μ)). Our model predict a decreasing stress-
dependent elastic anisotropy with increasing interparticle contact friction and
it depends on the net stress ratio (K
′
0) through f(μ) and the Poisson’s ratio
of the solid sphere material. Instantaneous elastic anisotropy is predicted by
the model as the grain assembly is exposed to uniaxial strain loading, but it
is independent of the applied vertical net stress. The stress-dependent elas-
tic anisotropy is always negative when the applied stress is along the axis of
symmetry in the vertical direction. Comparison of P-wave velocity anisotropy
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predictions assuming variable interparticle contact friction with experimental
data on unconsolidated sand exposed to a uniaxial loading, appear to ﬁt well
in between the P-wave velocity anisotropy boundaries representing inﬁnite and
near-zero contact friction. This is reasonable since the sand is unconsolidated,
without grain cement, and therefore elastically softer with less grain contact
friction than that of inﬁnite friction. On the other hand, the sand grains have
higher angularity than the smooth sphere model and therefore appear elas-
tically stiﬀer with higher grain contact friction. The modeling results imply
that unconsolidated sands or sandstones under in-situ uniaxial strain loading
conditions occurring at shallow depths should appear with quite a large stress-
induced elastic anisotropy (>-20%) which can complicate seismic imaging and
amplitude interpretation. The ﬁrst author is the main contributor of the idea,
derivations, graphics, layout and writing of the paper. My co-authors contri-
butions include technical discussions and suggestions, review of text, equations
and suggestions towards formulations in the paper.
The paper in Appendix A, Stress and ﬂuid sensitivity in two North
Sea oil ﬁelds - comparing rock physics models with seismic obser-
vations, we apply a diﬀerent rock physics modeling approach developed by
Avseth and Skjei (2011) as to that of Chapter 2 to predict stress sensitivity of
elastic wave velocities using the same data as that of Chapter 2. In this case
study we assume that the cemented rock will consist of a binary mixture of
cemented and uncemented grain contacts, or ”patchy cementation”. Assuming
that the cemented ”stiﬀ” grain contacts are stress-insensitive and the unconsol-
idated ”loose” grain contacts are stress-sensitive according to Hertzian contact
theory, this hybrid model will allow us to predict the pressure sensitivity in
cemented sandstones. The match between rock physics modeling results and
seismic observations in terms of Vp/Vs is good. The stress sensitivity of Vp/Vs
decreases drastically when sands become cemented, as crack-like porosity at
grain contacts are eliminated.
Chapter 2
Vp/Vs ratio versus
diﬀerential stress and rock
consolidation - A comparison
between rock models and
time-lapse AVO data
Paper published in Geophysics and Geophysics Today - A Survey of the Field
as the Journal - Celebration its 75th Anniversary, SEG.
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Vp/Vs ratio versus differential stress and rock consolidation —
A comparison between rock models and time-lapse AVO data
Kenneth Duffaut1 and Martin Landrø2
ABSTRACT
The compressional to shear wave velocity ratio Vp/Vs is an
important parameter in seismic amplitude versus offset AVO
analysis, and this parameter plays a key role especially for lithol-
ogy and ﬂuid prediction methods. The P-wave velocity is a key
parameter in traditional pressure prediction methods, because
overpressure often results in a velocity reduction. However, for
AVO-based pore pressure prediction methods, one expects that
the Vp/Vs ratio also is a key parameter. The Hertz-Mindlin geo-
mechanical model predicts a constant Vp/Vs ratio as the differen-
tial stress changes in a dry package of identical spheres. Ultra-
sonic core measurements show increased Vp/Vs ratios as the dif-
ferential stress decreases, especially for unconsolidated wet
sands. Thus, one is likely to assume that the Vp/Vs ratio is depen-
dent on rock consolidation. By combining the Hertz-Mindlin
model with the Gassmann model, we show how to obtain a sim-
ple rock-physics framework including both the differential stress
and the degree of rock consolidation. We use the number of
grain-to-grain contacts coordination number to represent the
rock consolidation. For twoﬁeld examples,we calibrate this con-
solidation parameter to in-situ stress conditions, then compare
the predicted Vp/Vs ratios for the overpressured reservoir condi-
tions with observed time-lapse AVO changes. The correspon-
dence between modeled andAVO-estimated Vp/Vs ratios is good
within the assumed accuracy of the real time-lapseAVOchanges.
In both cases, we observe an increase in theVp/Vs ratio as the dif-
ferential stress decreases. In the ﬁrst case, a pore pressure in-
crease of 5–7 MPa is measured, whereas the other case shows a
pressure increase of approximately 15 MPa. The ﬁrst reservoir
represents a low-to-medium-consolidated sandstone reservoir of
33% porosity on average, whereas the second reservoir is a more
consolidated sandwith similar porosities 30%.
INTRODUCTION
Fromvarious rock-physics studies Huffman andCastagna, 2001;
Prasad, 2002we know that the compressional to shear wave veloci-
ty ratio Vp/Vs is increasing with decreasing differential stress or
net stress. However, the reliability of such acoustical coremeasure-
ments will to some extent be inﬂuenced by core damage caused by
unloading and reloading, and whether it is feasible to record reliable
S-wave energy in the lower differential stress regime, i.e., 3 to
5 MPa. It is reasonable to assume these effects, among other factors,
to be more pronounced at the lower end of the differential stress
scale. Hence, less reliable estimates of the Vp/Vs ratio might be the
consequence. Therefore, it might be useful to compare ultrasonic
core measurements with other types of measurements, as for in-
stance time-lapse seismic or 4D seismic.Time-lapse seismic surveys
might be a complementary tool to study how theVp/Vs ratio varies as
a function of differential stress, and this is the focus of this paper.
There is a distinction between effective stress and differential
stress Siggins andDewhurst, 2003. Differential stress is simply the
difference between the stress tensor ij and the pore pressure
Ppore. Effective stress ij is deﬁned as Brandt, 1955
ij = ij − nPporeij , 1
where n is the effective stress coefﬁcient and ij represents the Kro-
necker delta. The pore pressure will only contribute when i = j. The
effective stress coefﬁcient can be estimated in variousways Siggins
and Dewhurst, 2003. Siggins and Dewhurst 2003 show measured
values of n versus the differential stress. In most cases, n = 1 is as-
sumed, but Siggins and Dewhurst have shown that this approxima-
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tionmight be inaccurate. However, in this paper wewill assume that
the effective stress coefﬁcient is close to 1, and correspondingly, we
will assume that the effective stress is equal to the differential stress.
If a relationship between n and differential stress exists, it will be
straightforward to correct our method to include this stretching ef-
fect. The fact that we actually do not know the effective stress coefﬁ-
cient n is a limiting factor for quantitative use of rock-physics mea-
surements for pore pressure estimation. In a rock-physics experi-
ment, we measure the differential stress, whereas in a reservoir we
measure the pore pressure or ﬂuid pressure.
Siggins and Dewhurst 2003 ﬁnd a distinct difference between
ultrasonic measurements on dry and oil-saturated core samples: The
Vp/Vs ratio increaseswith decreasing differential stress in the oil-sat-
urated case, whereas a decrease is observed for the dry corematerial.
The last observation is in contrast to the core data that we use in this
paper, where a slight increase in Vp/Vs ratio also is observed for dry
core samples.
Huffman and Castagna 2001 show that the Vp/Vs ratio variation
with effective pressure strongly depends on the clay content of the
rock sample; the increase is weaker for shaly sandstones compared
with clean sandstones. Themain effect leading to the strong increase
inVp/Vs ratio for low effective pressures is caused by the shear wave
velocity approaching zero.
Prasad 2002 measured shear wave velocities on the order of
300 m/s on fully saturated cores, and a corresponding pressurewave
velocity of 1750 m/s. Other measurements performed on both dry
and wet samples Capello De P and Batzle, 1997 show an almost
constant Vp/Vs ratio as a function of effective pressure. Figure 1a
shows the average Vp/Vs ratio versus differential stress obtained
from 29 dry core ultrasonic measurements from the Gullfaks ﬁeld.
The 29 cores represent various formations and therefore also various
sandstone porosities.
A similar graph derived from 34 dry core measurements are
shown for the Statfjord Field in Figure 1b. We notice a weaker in-
crease in Vp/Vs ratio as the differential stress approaches zero, com-
pared with the results of Huffman and Castagna 2001 for both res-
ervoirs. The degree of cementation of the rock might be one cause
for this discrepancy; wet versus dry core measurements is another
cause. Damage of the core sample resulting from unloading and re-
loading is a third possible explanation.
In a speciﬁc segment at the Gullfaks ﬁeld in the North Sea, a sig-
niﬁcant pore pressure increase caused by water injection was mea-
sured. The measured pore pressure repeated formation testing
RFTmeasurement in thewell increased from approximately 32 to
39 MPa between the base and monitor surveys, corresponding to an
assumed drop in differential stress of 7 MPa.
An example on how time-lapse AVO analysis can be used to dis-
criminate between pressure and ﬂuid changes in this segment is dis-
cussed by Landrø 2001. Another example demonstrating how
time-shift analysis can be used to interpret pressure variations with
depth is discussed in Landrø et al. 2001.
In a second example from theStatfjord ﬁeld Rognø et al., 1999, a
pore-pressure increase up to 15 MPa is measured in different wells,
and observed on time-lapse seismic data. By studyingAVO changes
over production time, we will use these two ﬁeld examples to study
how the Vp/Vs ratio varies as the pore pressure increases. Further-
more, the rock-physics observations support the need for a simple
model including both pressure variations and rock consolidation de-
gree.
The simplest model for predicting pressure and shear wave veloc-
ity changes as a function of differential stress is the Hertz-Mindlin
H-M model. Although the H-M model is insufﬁcient to describe a
real rock sample, we have chosen to use this model in this work. The
advantage of the H-Mmodel is primarily because it is simple and in-
cludes the basic physical effects both for pressure and shear forces.
The most obvious disadvantage with the H-M model is the as-
sumption related to identical spherical grains. This is a severe sim-
pliﬁcation compared with, for instance, thin sections of sands Fig-
ure 7 from the two reservoirs we study.Another shortcoming is that
this model assumes a dry rock, and therefore we will combine the
H-M model with the Gassmann model to account for saturation ef-
fects. A third major shortcoming is related to presence of cement.
TheH-Mmodel only is valid for unconsolidated granular sediments.
When we compare compressional and shear wave velocities pre-
dicted by theH-Mmodel,we ﬁnd that theH-Mmodel often overesti-
mates the velocity variation with differential stress. However, be-
cause the model handles both shear and normal stresses, one might
expect that the predictedVp/Vs ratio might bemore accurate than the
separate estimates of each velocity.
Our hope is that the H-M model captures the zero-order pressure
effect, and that we do the same error for bothVp andVs for the higher
order effects. Furthermore, we will use the number of contact points
per grain or coordination number as a rock consolidation parameter.
Thismeans that we are adjusting theH-Mmodel to represent a phys-
ical property that it was not designed for. However, we think that re-
interpretating this parameter is justiﬁed by the simplicity, and the
fact that when we use this parameter as a fudge factor, we achieve a
straightforwardway to ﬁt observed time-lapse seismicAVOdata to a
given reservoir rock.
The rock consolidation degree is probably dependent on several
other parameters in addition to the number of contact points per
grain, such as the contact area per grain cement, the shape of each
grain, the pore ﬂuid type, and so forth. Bachrach et al. 2000 and
Zimmer et al. 2007 discuss the effect of slip free or rotation be-
tween adjacent grains.Allowing this to occur, they show that contact
models accurately predict themagnitude of the velocities for uncon-
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Figure 1. a Normalized average Vp/Vs ratio versus differential
stress based on ultrasonic core measurements of 29 dry samples
from the Gullfaks ﬁeld. b The corresponding core measurements
based on averaging 34 dry core measurements of the Statfjord Field.
Notice a weak increase in theVp/Vs ratio as the differential stress ap-
proaches zero. The initial differential stress is approximately 6 MPa
at Gullfaks but 15 MPa at the Statfjord Field.
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solidated sands. From a practical point of view, we have decided to
put all these effects into one parameter, and assumed that we can ﬁnd
one consolidation parameter for each type of reservoir rock.
THE COMBINED H-M AND GASSMANN MODEL
Various contact models have been proposed to estimate effective
moduli of a granular rock.Mavko et al. 1998 present some of these
models in, The Rock Physics Handbook. The H-M model Mindlin,
1949 can be used to describe the properties of precompacted granu-
lar sediments before compaction. The effective bulk modulus of a
dry random identical sphere packing porosity 36% is given by
Kdry = Cp21 − 2G2P1821 − 2 
1
3
, 2
and the effective dry shearmodulus is given by
Gdry =  5 − 452 − 3Cp
21 − 2G2P
221 − 2 
1
3
, 3
where  and G are the Poisson’s ratio and shear modulus of the solid
grains, respectively;  is the porosity; Cp is the average number of
contacts per grain or coordination number; and P is the differential or
net stress i.e., vertical differential stress, P = 33 or v. The Mind-
lin formulas given earlier, assume that there is no slip at the grain
contacts or grain rotation.
The velocities for a dry homogeneous isotropic rock are given as
Vpdry =
Kdry + 43Gdry
1 − ma
4
Vsdry = Gdry1 − ma , 5
where Vpdry and Vsdry represents the P- and S-wave velocity, respec-
tively, and ma is the mineral matrix density. Inserting the effective
dry bulk modulus equation 2 and effective dry shear modulus equa-
tion 3 into velocity equations 4 and 5 and computing the Vp/Vs ratio
yields assuming  of quartz equal to 0.07
VpVsdry =10 − 75 − 4  2. 6
This means that according to the simplest granular model Hertz-
Mindlin, the Vp/Vs ratio should be constant as a function of conﬁn-
ing stress when assuming dry rock composed of, e.g., quartz grains.
Figure 2 shows the variation in the predicted dry velocities and ve-
locity ratio for an increasing differential stress.
The H-M model assumes that the sand grains are spherical and
that there is a certain area of grain-to-grain contacts. Amajor short-
coming of the H-M model is that in the limit of unconsolidated
sands, both P- and S-wave velocities will have the same behavior
with respect to pressure changes, as shown in equation 6. Combining
theHertz-Mindlin predictionswith theGassmannmodel e.g., intro-
ducing ﬂuids in the pore system of the rock, Gassmann, 1951 will
ensure that the P-wave velocity approaches the suspension velocity
at zero differential stress and not zero as theH-Mmodel predicts for
dry rocks. This difference in dry versus saturated rock velocities ap-
pears in Figure 2.AppendixAoutlines further discussion on the rela-
tion between dry andwetmodulies.
OBSERVED PRESSURE EFFECTS AT THE
GULLFAKS FIELD (POSTSTACK ANALYSIS)
In our ﬁrst ﬁeld example,wewill use time-lapse seismic data from
the Gullfaks ﬁeld. The average porosity in this ﬁeld is 33%, and the
rock consolidation is judged to be low tomedium based onmeasure-
ments of Young’s moduli E50 of approximately 2.5 GPa at in situ
stress conditions. Close to one of the water injectors at Gullfaks, a
signiﬁcant pore pressure increase was measured in well 34/10-B-33
hereafter namedB-33 on the order of 5–7 MPa.
Well B-33 started to inject 3000 m3 ofwater per day into the Cook
Formation in the summer of 1995, about one year before themonitor
seismic survey was acquired in 1996. Amap view of the amplitude
differences observed between the base andmonitor survey at the top
Cook interface appears in Figure 3. We observe signiﬁcant ampli-
tude changes close to the injector well. Because we also observe
these amplitude changes below the original oil-water contact
OWC, we may conclude that these amplitude changes are caused
by the observed pressure increase in well B-33.Adetailed compari-
son of stacked seismic data from 1985 and 1996 is shown in Landrø
et al. 2001, where the distinct amplitude increase at the top reser-
voir interface is evident.
Log analysis of wells in the vicinity of well B-33was done to esti-
mate the Vp/Vs ratio for the Cook reservoir sand and the overlying
shale. A distinct drop in Vp/Vs ratio is observed in Figure 4 at the
shale-sand interface, and this ratio remains constant at approximate-
ly 1.9 throughout the reservoir unit.
The sands in this section are within neighboring formations and
do not necessarily represent the Cook sand. Despite this limitation,
we assume that the Vp/Vs ratio is 1.9 also for the Cook Formation,
whereas the velocity ratio of the overlaying shale was estimated to
be 2.6.There is some uncertainty coupled to theVp/Vs ratio estimates
for both the Cook sand and the overlaying shale because of incom-
plete logging across these formation intervals. The average acoustic
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Figure 2. a Differential stress versus dry and saturated P- and
S-wave velocities estimated from the combinedHertz-Mindlin-Gas-
smann model. b The corresponding Vp/Vs ratios derived from the
dry andwet velocities.
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log parameters in Table 3 are used to generate seismic half-space
models.
Rock-physicalmeasurements performed onGullfaks coremateri-
al show a clear reduction in the P-wave velocity for a measured pore
pressure increase of 5–7 MPa. Figure 5 shows how the P-wave ve-
locity varies with differential stress according to the H-M model in
comparisonwith various types of ultrasonic coremeasurements.Al-
though the various modeled and experimental curves deviate, espe-
cially for higher differential stresses, they all indicate a velocity drop
in the range of 15%–20% when the differential stress is reduced by
5 MPa. The actual in situ vertical differential stress at Gullfaks is
close to 8 MPa, and not 5 MPa as shown in Figure 5.
The 5 MPa measurement is close to the mean differential stress
one obtains when using the in-situ stress numbers of the Gullfaks
ﬁeld, Table 1. The core measurements were normalized to this mean
differential stress. The uncertainties related to estimation of vertical
and horizontal stresses are greater than the corresponding uncertain-
ty of the pore pressure estimates. Furthermore, we see from Figure 5
that theH-Mmodel deviates from the ultrasonic coremeasurements,
especially for high differential stresses 6–8 MPa.According to the
H-M model, the P-wave velocity is proportional to the differential
stress raised to the power of 1/6 black curve. Using 1/10 as the ex-
ponent red curve instead of 1/6 gives a much better ﬁt with the
rock-physicsmeasurements blue curve.
All rock-physics measurements were performed on dry core sam-
ples, and the blue curve in Figure 5 represents the average of 29 core
samples from the Gullfaks ﬁeld.As a complementary curve green,
we also have sketched the behavior of a synthetic sandstone made at
in situ stress conditions before being exposed to stress release,which
is based onNes et al.’s experiments 2000. This curve shows far less
changes in P-wave velocity when the differential stress is increasing
above the in-situ conditions. For our purpose, these deviations for in-
creased differential stresses, as comparedwith the initial vertical dif-
ferential stress, are unimportant because we will study only an in-
crease in pore pressure, hence reduced differential stress.
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Undershoot area 
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Figure 3. Seismic amplitude difference between 1996 and 1985 data
for the topCook interface at theGullfaks ﬁeld. TheB-33well started
to inject 3000 m3 of water per day in 1995, and the amplitude anom-
aly shown on this ﬁgure is interpreted as being caused mainly by the
pore pressure increase resulting from the water injection. The origi-
nal oil-water contact line appears in green. The amplitude anomaly
extends below this line, into the water zone, indicating a pressure ef-
fect. The inline shown in Figure 9 is indicated by a dashed line.
V
s 
(m
/s)
V
p
 
(m
/s)
V
p
/V
s 
-
ra
tio
1950190018501800
1950190018501800
19501900
Depth (m)
18501800
3500
3000
2500
2000
2500
2000
1500
1000
500
4
3
2
1
Figure 4. Acoustic logs from a neighboring well of B-33 at the Gull-
faks ﬁeld. From top to bottom: the P-wave, S-wave velocity, and the
velocity ratio. The dashed line indicates an interface between shale
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Figure 5. Relative change in the dry P-wave velocity as a function of
the differential or net stress predicted by the Hertz-Mindlin model
exp = 1/6, black curve, modiﬁed Hertz-Mindlin model exp
= 1/10, red curve, dry core measurements 29 dry core samples,
Gullfaks Field, blue curve and synthetic core measurements green
curve. Here, we have assumed about 5 MPa initial net stress repre-
senting the mean net stress at the Gullfaks ﬁeld. The synthetic core
measurement curve does not represent real measurements from the
Gullfaks ﬁeld, but has been drawn on the basis of the publishedwork
byNes et al. 2000.
Table 1. Initial stress conditions at the Gullfaks ﬁeld. Using
these numbers in equation 1 gives initial horizontal and
vertical differential stresses of 4.5 and 8 MPa, respectively,
assuming an effective stress coefﬁcient (n) equal to 1.
Parameters MPa Gullfaks ﬁeld
Vertical stress	v 40
Horizontal stress	H = h 36.5
Pore pressure	Ppore 32
Hydrostatic pressure	PHyd 18
Vertical differential stress=v 8
Horizontal differential stress=h 4.5
Geopressure	Ppore − PHyd 14
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CALIBRATION OF THE COMBINED ROCK-
PHYSICS MODEL — GULLFAKS FIELD
TheVp/Vs ratio of a typical oil-saturated reservoir sand atGullfaks
is approximately 1.9 at initial stress conditionswhich is summarized
inTable 1.
The ﬁrst step in the calibration procedure is to ﬁx the rock shear
modulusG to 44 GPa Mavko et al., 1998 assuming the solid grains
to represent quartz. A Poisson’s ratio of 0.07 is therefore used in
equations 2 and 3. Figure 6 shows the Vp/Vs ratio variations with the
degree of rock consolidation represented by the number of contact
points per grain,Cp and differential stress.
The vertical arrows pointing downwards show the apparent num-
ber of contacts per grain at in situ stress conditions. With increasing
pore pressure, one is likely to assume that the number of contact
points decreases dotted arrows although we have limited knowl-
edge on how the Cp-number varies when lowering the differential
stress. Intuitively, we expect a reduction. Figure 7 shows a thin sec-
tion of the Tarbert reservoir sand at the Gullfaks ﬁeld together with
the Tarbert sand of the Statfjord ﬁeld. The best Cook sands at Gull-
faks have a similar porosity as the Tarbert Formation. We observe
that theTarbert sand at theGullfaks ﬁeld is better sorted than theTar-
bert sand at Statfjord. Furthermore, the number of contact points per
grain appear to be higher for the Statfjord sample.
We will discuss the Statfjord case in more detail in later sections.
Amore detailed plot of Vp/Vs ratios versus differential stress for the
Gullfaks is shown in Figure 8a for varying numbers of contact
points Cp equals 3, 6, and 100, respectively.
For the Cook reservoir at Gullfaks, we estimate the initial vertical
differential stress at 8 MPa,whereas for calibrationwe choose to use
the mean differential stress of 6 MPa. Based on a simple calibration
indicated by the solid line in Figure 8a, we ﬁnd thatCp = 6matches
this observation. According to the ultrasonic dry core measure-
ments, the Vp/Vs ratio for the two samples representing the Cook
Formation not shown is equal to 1.7 at 6 MPa differential stress
and 1.9 at 2 MPa differential stress. The value of 1.7 is somewhat
lower than the log-derived value of 1.9, which is mainly because of
dry versus wet material measurements. We have chosen to use the
well log value in this study.
The observed increase in Vp/Vs ratio based on the dry rock core
measurements is approximately 12% for the two samples represent-
ing the Cook Formation. A similar increase based on the calibrated
rock-physics model is 14%. The measured pore pressure increase is
on the order of 5–7 MPa, which means that the vertical differential
stress at the time of the monitor survey is likely to be close to zero.
According to the calibrated rock-physics model Figure 8a, this
should correspond to a Vp/Vs ratio around 2.8. However, we realize
that an effective stress coefﬁcient n less than 1.0 equation 1 will
reduce this number signiﬁcantly.
COMPARISON BETWEEN TWO-LAYER
ZOEPPRITZ MODELING AND TIME-LAPSE
AVO — GULLFAKS FIELD
Figure 9 shows cross sections of the near-, mid-, and far-offset
stacks of the 1985 and 1996 data sets from Gullfaks ﬁeld. The aver-
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Figure 7. Thin section samples from the Tarbert reservoir sandstone
at a Gullfaks left and Statfjord ﬁelds, respectively. We observe
that the Gullfaks sand on average has fewer grain contacts than the
Tarbert sand at Statfjord, and the Gullfaks sample appears to be bet-
ter sorted with respect to grain size. The log derived total porosities
are 33% and 30% for theGullfaks and Statfjord ﬁelds, respectively.
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Figure 8. aVp/Vs ratio versus differential stress for various number
of contact points per grain Cp derived from the combined Hertz-
Mindlin-Gassmann model for the Gullfaks Cook sand using param-
eters from Table 6.ACp = 6 corresponds to an observed Vp/Vs ratio
of 1.9. b A similar calibration is done for the Tarbert-sand at the
Statfjord ﬁeld using very similar numbers for the rock properties,Ta-
ble 6.We observe thatCp = 15 corresponds to the observedVp/Vs ra-
tio of 1.88 for the Statfjord case.
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age dip angle of the top Cook interface is about 10° along this inline,
and the average angle of incidence of the near-, mid-, and far-offset
stacks are estimated by ray tracing to be 15°, 23°, and 31°, respec-
tively.
The signiﬁcant amplitude brightening, decreasing negative am-
plitude value from1985 to 1996 at the top reservoir topCook event
is clearly observed. Furthermore, we see that the amplitudes increas-
es, but obtain smaller negative values, with offset or angle for the top
reservoir event. This means that the increased pore pressure leads to
an amplitude-dimming, positive-amplitude gradient, with offset in
this case.
To quantify the observedAVO-effect shown in Figure 9, horizon
ﬂattening was applied to the central part dashed line in Figure 9 of
the top reservoir reﬂection. After horizon ﬂattening, the rms ampli-
tude was computed for each trace within a 60-mswindow. There is a
signiﬁcant variation in the rms-level along the reﬂector, and the vari-
ation is probably caused by various types of seismic noise, such as
remaining multiple energy, diffracted noise from overlaying lenses,
inaccurate processing, and so forth. The average rms amplitudes and
the corresponding standard deviations for each offset stack are given
in Table 2.We notice that the average standard deviation is 28% av-
eraged over the three offset stacks.
To compare the predicted Vp/Vs ratios with observedAVO chang-
es, a simple two-layer isotropic Zoeppritzmodeling is performed us-
ing thewell-derived seismic parameters given inTable 3.
In addition to the base case, four monitor cases are modeled: One
representing no change inVp/Vs ratio Vp/Vs = 1.9 reducing both P-
and S-wave velocities by 15% to simulate a pore pressure increase,
another representing Vp/Vs = 2.8, and a third representing
Vp/Vs = 7.A fourth case was modeled by keeping the Vp/Vs = 1.9 in
addition to introducing vertical cracks because of fracturing seeAp-
pendix B.All modeling results are summarized in Figure 10, where
we also show the observed top target amplitude response of the 1996
seismic data solid circles.
The average rms amplitudes were computed for 46 traces within a
60-ms window around the top reservoir interface. The vertical bars
indicate one standard deviation of the rms value. A global wavelet
scalar derived fromwell-tie of 0.000015was applied to the seismic
data to enable comparison of real and synthetic AVO responses.
Based on this comparison, one likely assumes that theVp/Vs ratio in-
creases from 1.9 to well above 3, because of the increased pore pres-
sure. According to the calibrated rock-physics model Figure 8a, a
Vp/Vs ratio around 3 is expected, whereas the real seismic AVO re-
sponse suggest a higher velocity ratio,most likely around 7.This ob-
served deviation between modeled and time-lapse AVO-based ve-
locity ratios is consistent with the Bachrach et al. 2000 experiment
on unconsolidated sand. They compared Vp/Vs ratio measurements
on unconsolidated beach sand with Hertz-Mindlin contact theory.
Their explanation of the underprediction of the H-M-model is by as-
suming slip at the grain contacts of the real sand, reducing the shear-
ing between grains. Hence,Vp/Vs ratio increases.
Discrepancy also is observed between the AVO response of the
ﬁeld data from1985 left column in Figure 9 and theAVOmodeling
based on average well log values Figure 10. There are several pos-
sible causes for this discrepancy. First, the seismic reﬂectivity is
much weaker in 1985 than in 1996, and thus the amplitude versus
offset or angle is suffering from the low signal-to-noise ratio. Fur-
thermore, the average acoustic log values are questionable at this lo-
cation because of incomplete logging across the shale-sand inter-
face, leading to a somewhat stronger amplitude response both for
zero and far offsets. Trusting the seismic amplitude response of the
partial stacks at the top Cook sand, the shale-sand interface appear
transparent, indicating a very small to no acoustic impedance and
Vp/Vs contrast between the overburden and the Cook sand. This con-
tradicts the well logs in the area Figure 4. Therefore, we have cho-
sen not to compare the ﬁeld data from 1985 with the synthetic 1985
AVO response open circle symbol, Figure 10.
OBSERVED PRESSURE EFFECTS AT THE
STATFJORD FIELD (POSTSTACK ANALYSIS)
In our second ﬁeld example, we use time-lapse seismic data from
the Statfjord ﬁeld in the North Sea. The upper Jurassic Brent Group
Table 3. The average seismic parameters for shale and sand
are used for the ﬁve Gullfaks half-space seismic models. The
P- and S-wave velocities of the monitor 1 case (layer 2) is
reduced by 15% by respect to the in situ stress conditions
resulting from a pore pressure increase. In the latter two
cases, only the S-wave velocities are changed for the given
Vp/Vs for layer 2. A ﬁfth case is made by introducing vertical
cracks because of fracturing. Model parameters for this case
are listed in Table 6.
Vpm/s Vsm/s kg/m3 Vp/Vs
Layer1 Shale 2600 1000 2300 2.6
Layer2 Baseline 2500 1315 2100 1.9
Layer2 monitor 1 2125 1118 2100 1.9
Layer2 Vp/Vs = 2.8 2125 759 2100 2.8
Layer2 Vp/Vs = 7.0 2125 303.6 2100 7.0
Table 2. The rms values estimated across a 60-ms window
around the top Cook interface at Gullfaks. The standard
deviations were estimated based on 46 crossline traces.
Near 15° Mid 23° Far 31°
rms-average 8574 6549 5500
st-deviation 2387 1597 1821
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Figure 9. Near-, mid-, and far-offset stacks top to bottom from a
1985 and b 1996.Notice the signiﬁcant amplitude decrease ampli-
tudes becomes more negative from 1985 to 1996 for the near offset
data at top reservoir top Cook. The dashed line below the 1996
data indicates the selected area for the quantitative amplitude analy-
sis.
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Tarbert andNess formations has been by far themost proliﬁc reser-
voir unit since production started in 1979. Hesthammer et al.,
1999. The average porosity in this reservoir unit is about 30%, and
the sandstone is medium consolidated with a Young’s moduli E50
of approximately 9 GPa at initial in-situ stress conditions Table 4.
Table 5 lists the initial in situ stress numbers of the Statfjord ﬁeld.
During production the pore pressure decreased to a minimum of
approximately 32 MPa in 1992–1993 pure pressure depletion, a
net pore pressure decrease of about 6 MPa. Downﬂank water injec-
tionwas used tomaintain and increase the reservoir pressure, and the
pore pressure increased from 32 to about 35 MPa as a result. Near
the injectors, the pore pressure is expected to build up typically
15 MPa above the minimum pressure of 32 MPa, resulting in a re-
duction in P- and S-wave velocity of the order of 8%–10%, whereas
a 6-MPa pore pressure reduction 38 to 32 MPa gives an expected
increase in velocities in the order of 3%–4%.These estimates are de-
rived from ultrasonic measurements done on 34 dry core samples.
Figure 1b shows the normalized Vp/Vs ratio for the same core sam-
ples.Aslight increase of the Vp/Vs ratio is observed for low and high
differential stresses.
In the Statfjord time-lapse seismic data, there are examples of am-
plitude brightening in the immediate vicinity of Brent water injec-
tors, which are interpreted to be caused by a pore pressure increase.
Figure 11 shows a segment of an amplitude difference map
1997–1991 extracted along the top reservoir interface TopTarbert
Formation.
An amplitude increase is observed as a circular area around well
33/9-A-4. The diameter of the anomaly is approximately 4–500 m.
This is consistent with the expected extent based on simple reser-
voir engineering considerations of a pressure buildup in the vicinity
of an injector in this highly permeable formation. The average injec-
tion pressure is about 47 MPa about 15 MPa higher that the average
pore pressure, and the pressure gradient away from the injection
point is normally steep — in the order of a few hundred meters. Be-
cause the Tarbert reservoir is relatively homogeneous with high per-
meability 5–7 Darcys, there is rarely any pore pressure buildup
over time. The pressure is distributed effectively, which explains
whywater injection provides excellent pressure support in these res-
ervoirs. If an injector is shut down, only a few hours pass before the
pressure is normalized close to the injection point. Consequently, be-
cause there is no pressure buildup, 4D seismic response to a pressure
increase can only be seen when the injector was ofﬂine during the
ﬁrst seismic acquisition, and online during the second. Well 33/9-
A-4 was shut down when the 1991 seismic survey was acquired and
online during the acquisition of the 1997monitoring survey.
CALIBRATION OF THE COMBINED
ROCK-PHYSICS MODEL — STATFJORD FIELD
The same calibration procedure as described for theGullfaks ﬁeld
is repeated for the Statfjord example. The result of the calibration is
shown in Figure 8b, where the average number of contacts per
sphere Cp is estimated to 15. Compared with the thin section dis-
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Figure 10. Two-layer Zoeppritz modeling based on log-derived pa-
rameters Table 3 for the Gullfaks ﬁeld. The baseline reﬂection co-
efﬁcient open circle symbol is relatively weak, and the absolute
amplitude increases with angle. For the monitoring scenarios, we
have assumed a 15% velocity drop caused by a reduced differential
stress, and variousVp/Vs ratios. The solid circles represents the aver-
age rms-values at the top Cook reﬂector of the 1996 near-, mid-, and
far-offset stacks Figure 9. The error bars represent ± one standard
deviation obtained from averaging. We observe that real time-lapse
amplitude measurements ﬁt reasonably well assuming an average
Vp/Vs ratio equal to 7. TheAVO response of the half spacemodel be-
tween an isotropic shale overlying anHTImedium solid line simu-
lating a vertically fractured reservoir has the same trend but is slight-
ly boostedwith respect to themonitor 1 case star symbol.
Table 4. Initial stress conditions at the Statfjord ﬁeld. The
initial horizontal and vertical differential stresses are 8 and
15 MPa, respectively, when assuming an effective stress
coefﬁcient (n) equal to 1.
Parameters MPa Statfjord ﬁeld
Vertical stress	v 53
Horizontal stress	H = h 46
Pore pressure	Ppore 38
Hydrostatic pressure	PHyd 22.5
Vertical differential stress	v 15
Horizontal differential stress	h 8
Geopressure	Ppore − PHyd 15.5
500 m
33/9-A-4 N
High
Low
Figure 11. A seismic amplitude difference map between the 1997
and 1991 data sets for the top Tarbert interface at the Statfjord ﬁeld.
The pore pressure increase inwell 33/9-A-4, resulting fromwater in-
jection is about 15 MPa above a reservoir pressure of 32 MPa. We
observe a circular-shaped anomaly on the amplitude difference map
which is interpreted as a pure pressure effect.
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played in Figure 7, it is reasonable to expect a higher Cp number for
the Statfjord case compared with the Gullfaks case because the Tar-
bert sand is more poorly sorted; hence, we would expect a larger
number of contacts per grain.
In addition, differences in mechanical packing of the sands may
contribute in explaining the deviation between the estimated Cp
numbers obtained for the two ﬁelds. This, however, does not neces-
sarily mean that a thorough thin section analysis of rock samples
from the Statfjord ﬁeld will give the same number of contact points
per grain as estimated by our calibration procedure. For our purpose
we, consider this Cp number as an empirical calibration parameter
that forces the combined Hertz-Mindlin-Gassmann model to match
the averageVp/Vs ratio derived fromwell logs.
PRESTACK TIME-LAPSE OBSERVATIONS —
STATFJORD FIELD
Prestack seismic data for both the 1991 and 1997 surveys were
available for this time-lapse study. Prior to the analysis, the noise
level of the prestack seismic gathers was reduced by ﬁrst stacking
ﬁve adjacent commonoffset traces around thewell location. Second,
these ﬁve super-gathers were further stacked to a single “super-su-
per” gather centered at the well position. The ﬁnal result is shown in
Figure 12 after offset-to-angle transformation.
We believe this “super-super-angle gather” is a good representa-
tion of the amplitude versus angle AVA behavior around the injec-
tor. Furthermore, this extensive stacking is assumed to increase the
signal-to-noise ratio of the time-lapseAVAdata.A single scalar was
applied to match the 1997 to the 1991 data. From Figure 12 we ob-
serve a time-lapse amplitude decrease, decreasing negative value, of
approximately 50% for angles between 12° and 18°, and approxi-
mately 100% amplitude decrease for angles between 21° and 30°.
For a 350-m s-wide window above the top Tarbert interface, we ob-
serve only small time-lapse amplitude changes as expected.
Synthetic data corresponding to the angle gathers shown in Figure
12 assuming a pore pressure increase of 15 MPa are shown in Fig-
ure 13, demonstrating an amplitude decrease in the range of
30%–50% which is on the order of magnitude of ﬁeld data observa-
tions shown in Figure 12. The deviation between ﬁeld and synthetic
time-lapse differences ismost pronounced for small angles, whereas
moderate to large angles show a fairly good correspondence.The de-
viation in time-lapse amplitude differences at small angles might be
because of remanent multiple energy in the 1991 seismic data. The
presence of this kind of energy is suggested by the interfering events
that are observed for the two-three near-angle seismic traces in Fig-
ure 12.
As in theGullfaks case example, ﬁve-half spacemodels including
the base case of 1991 are derived fromwell logs Table 5.
One represents no change in the Vp/Vs ratio Vp/Vs = 1.88 by re-
ducing both P- and S-wave velocity by 10%; a second simulates a
pore pressure increase, and two others represent aVp/Vs of 2.1 and 5,
respectively. A ﬁfth model is made by keeping the Vp/Vs = 1.88 in
addition to introducing vertical cracks resulting from fracturing see
AppendixB. The deviation between the two-layermodeling and the
ray-trace modeling is negligible, conﬁrming the validity of the sim-
ple half-spacemodels.
All modeling results are summarized in Figure 14, where the ob-
served amplitude changes of the time-lapse seismic data also are
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Figure 12. Seismic “super-super-angle gathers” of the 1991 and
1997 data set at the A-4 well location, with nonreservoir interface
and Top Tarbert reﬂectors reservoir interface shown top ﬁgure.
a AVA-response extracted along the top Tarbert trough reﬂector
and bAVA-response rms value extracted in an overburden inter-
val just above the reservoir. The time-lapse amplitude difference of
the top reservoir reﬂector between the 1997 and 1991 data sets is
shown as squares in a.
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Figure 13. Ray-traced syntheticAVOorAVA-gathers at theA-4well
simulating a pore pressure increase of 15 MPa causing a P- and
S-wave velocity decrease of about 10%. The 1D earth model used
as input to the seismic modeling is isotropic. The time-lapse ampli-
tude difference at the top reservoir reﬂector topTarbert is shown as
the dotted square symbols in a. bNo amplitude difference is seen
for the overburden reﬂector, as expected because no changes have
been applied.
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shown solid circles. A global amplitude scalar of 0.0054 was ap-
plied to the ﬁeld data to enable comparison with the synthetic AVO
curves of the half-spacemodels. Based on comparison between ﬁeld
andmodeledAVObehavior, it is likely to assume that theVp/Vs ratio
has not changed much because of the pore pressure increase. Ac-
cording to the calibrated rock physicsmodel Figure 8, aVp/Vs ratio
around 2.0 ismost likely the postinjection vertical differential stress
is assumed to be around 6 MPa, which is in good agreement with
the seismic observations, especially for the mid-far angle range be-
yond 15°.
DISCUSSION
Recent time-lapse seismic studies show that formost cases the ob-
served amplitude and time-shift effects are in reasonable agreement
with changes predicted from rock-physics models and measure-
ments. However, ultrasonic core measurements of especially the
shear wave velocity at low differential stresses are probably more
uncertain than corresponding measurements made at higher differ-
ential stresses. The effect of unloading and reloading of a core sam-
ple is discussed inNes et al. 2000. Therefore, time-lapseAVOstud-
ies or alternatively time-lapse 4-C studies can add additional infor-
mation on how the Vp/Vs ratio varies with differential stress, espe-
cially in areas close to an injectionwell.
However, there are signiﬁcant uncertainties associated with this
approach. Varying dip angle of the top reservoir interface, overbur-
den distortions, absorption, anisotropy, and remanent multiple ener-
gy especially at near offsets are examples of effects that will in-
crease the uncertainty in our time-lapse AVO analysis. Both AVO
data sets have been prestack time migrated prior to the analysis,
which should ensure better quality of the amplitude information
used in this study.
The combination of two well-known rock-physics models, the
Hertz-Mindlin granular model and the Gassmann model, is simple
and straightforward, and motivated by keeping things simple and
capturing the lowest order physical effects. Effects such as non-
spherical grain shapes, uneven grain sorting, clean grain contact sur-
faces, and so forth are not taken into account by theH-Mmodel.
Strictly speaking, this model is valid only for unconsolidated
sands. Still, we hope that for estimation of the Vp/Vs ratio as a func-
tion of differential stress, this model also is valid for more consoli-
dated rocks. Themainmotivation for combining this model with the
Gassmann model is to ensure that the P-wave velocity approaches
the suspension velocity as the differential stress approaches zero.
Near the same limit, the shear wave velocity will approach zero,
leading to inﬁniteVp/Vs ratios for very low differential stresses.
We think that this effect is observed both for ultrasonic core mea-
surements Huffman andCastagna, 2001, aswell as for theGullfaks
time-lapse seismic case study presented here. It is not as pronounced
for the Statfjord case because the vertical differential stress does not
approach zero v = 53–47 MPa = 6 MPa in the postinjection
phase. We ﬁnd that the calibrated Hertz-Mindlin-Gassmann model
predicts a Vp/Vs ratio of about 3 for the Gullfaks case, where we as-
sume that the differential stress in the post-injection phase is close to
zero. The most likely Vp/Vs ratio estimated from time-lapse seismic
AVO data is around 7, but this number has a high degree of uncer-
tainty, as indicated by the error bars in Figure 10.
Qualitatively, we ﬁnd that the simple rock-physics model and the
time-lapse seismicmeasurement both indicate that theVp/Vs ratio in-
creases with increasing pore pressure. For the Statfjord case, where
the vertical differential stress of 6 MPa still is positive in the postin-
jection phase, the calibrated rock-physicsmodel predicts an increase
in the Vp/Vs ratio from  1.9 to  2.0 Figure 8. This agrees well
with the predictions obtained from the time-lapseAVOanalysis.
Both ﬁeld examples used in this study have a measured stress an-
isotropy where the vertical overburden stresses v are greater than
the horizontal stresses H = h. Hence, the differential stresses in
the vertical direction are greater than that in the horizontal direction
v
h. The injection pressure at both ﬁelds exceeded their re-
spective horizontal differential stresses Pinj
h, especially at
Gullfaks ﬁeld.Thus, it is likely that vertical fractures openwithin the
reservoir in the vicinity of the injectingwells.
Table 5. Seismic parameters used for the half-space seismic
modeling of the Statfjord case. The P-wave, S-wave velocity
and density values are derived from the logs in well 33/
9-A-4. A synthetic shear wave velocity log is used because no
S-wave log is acquired for this well. Similar to the Gullfaks
case, the P- and S-wave velocities of the monitor 1 case
(layer 2) is reduced because of a pore pressure increase by
10%. In the latter two cases, only the S-wave velocities are
changed for the given Vp/Vs for layer 2. A ﬁfth half-space
model is made by introducing vertical cracks within the
reservoir layer with parameters given in Table 6.
Vp m/s Vs m/s  kg/m3 Vp/Vs
Layer 1 Shale 3157 1635 2436 1.93
Layer 2 baseline 3088 1643 2178 1.88
Layer 2 monitor 1 2779 1479 2178 1.88
Layer 2 Vp/Vs = 2.1 2779 1323 2178 2.10
Layer 2 Vp/Vs = 5.0 2779 556 2178 5.00
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Figure 14. Two-layer Zoeppritzmodeling based on average acoustic
log values fromwellA-4 Table 5 at the Statfjord ﬁeld. The baseline
reﬂection coefﬁcient 1991 is about half the strength of themonitor-
ing reﬂection coefﬁcient 1997 with a slight amplitude decrease
with angle. For the monitor survey, we have assumed a 10% drop in
both Vp and Vs caused by reduced differential stress, plus various
Vp/Vs ratios.The solid circles represent the average amplitude values
estimated from 1997 prestack angle gather Figure 12. The error
bars represent the amplitude uncertainty ± one standard deviation.
The real data points indicate that the change inVp/Vs because of pore
pressure increase is most likely less than 2.1 when considering the
seismic amplitude measurements beyond 15°. TheAVO response of
the half-space model between an isotropic shale overlying an HTI
medium solid line simulating a vertically fractured reservoir is
more or less identical to themonitor 1 case star symbol.
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In order to model such a fracturing effect seismically, the incident
shale and background for the fractured reservoir layers are assumed
to be isotropic. Only the presence of fractures within the reservoir
layer contributes to the anisotropy of the model examined. This is
done by introducing one set of dry penny-shaped vertical fractures in
a reservoir sand using Hudson’s crack model Hudson, 1981 to
quantify the magnitude of the horizontal transverse anisotropy
HTI. This result is then combined with the Gassmann model to es-
timate Thomsen’s 1986 anisotropy parameters of a ﬂuid-ﬁlled ver-
tical fractured sand seeTable 6 andAppendixB formore details.
One of themore difﬁcult parameters to quantify inHudson’smod-
el is the crack or fracture density h and its variation with changing
stress conditions. Liu et al. 2002 use a nonlinear crack density-dif-
ferential stress relation when quantifying the crack-induced seismic
anisotropy in terms of Thomsen’s anisotropic parameters for differ-
ent stress paths.
We have chosen to use a simple linear relation between crack den-
sity and normalized horizontal differential stress, Pinj − h/v
− h. This simple model states that increased deviation between
pore pressure and horizontal stress leads to a greater crack density
Figure 15. This relationshipwill probably only be valid up to a cer-
tain crack density. Beyond this crack density threshold, the perme-
ability through the fracture network will be high enough that no fur-
ther pore pressure buildup will occur. Hence, the crack density will
stabilize.
Sanderson and Zhang 2004 analyzed how various fracture net-
works affected geometrical parameters, such as fracture density,
length, and anisotropy.They used numericalmodeling to investigate
how fracture networks develop because of changes in the differential
stress. One scenario focuses on how the fracture density increases
with decreasing differential stress. Qualitatively, their results sup-
port our simple linear crack density-stress relation. Because the in-
jection pressure at theGullfaks ﬁeld exceeds the horizontal differen-
tial stress far more than that at the Statfjord ﬁeld, it may be reason-
able to conclude that the crack density would be larger at Gullfaks
as shown in Figure 15. We choose a maximum injection pressure
scenario when simulating the impact of fracturing on the P-wave re-
ﬂectivity.
An approximate P-wave reﬂection coefﬁcient equation 7, Rüger,
1997 for an HTI medium is used to simulate the offset or angle-de-
pendent reﬂectivity of an interface between a shale and a vertically
fractured reservoir, as given by
R = 00, 
1
2VpVp +   + 12	VpVp
− 2Vs
Vp
2GG − 2 + V
sin2
+
1
2	VpVp + V
sin2 tan2 , 7
where  indicates a difference and an overbar indicates an average
of the corresponding quantity. The symbol denotes vertical bed-
ding direction of the given quantity; represents the azimuth angle;
while  is the incidence angle; ,  and  represents the P-wave an-
isotropy, S-wave anisotropy, and the relation between vertical veloc-
ity to short-offset normal moveout velocity. The superscript V de-
notes that the anisotropy parameter is deﬁnedwith respect to the ver-
tical symmetry-axis plane.
Figures 10 and 14 show the syntheticAVO curves solid line of a
vertically fractured sand underneath an isotropic shalewith input pa-
Table 6. Seismic parameters of the monitor 1 case are used
to estimate the magnitude of the crack-induced anisotropy
because of water injection in the Cook and Tarbert
reservoirs at Gullfaks and Statfjord, respectively. The crack
thickness and diameter come from Rathore et al. (1995). The
crack-induced anisotropy is expressed using Thomsen’s
parameters.
Monitor 1 case
Parameters Gullfaks Statfjord
Vp m/s 2125 2779
Vs m/s 1118 1479
 kg/m3 2100 2178
Kma GPa 37 37
Gma GPa 44 44
ma kg/m3 2650 2650
Kfl GPa 1.0 2.7
 fl kg/m3 700 1000
 fraction 0.33 0.30
Crack density h 0.078 0.015
Crack diameter a mm 5.5 5.5
Crack thickness b mm 0.02 0.02
Crack porosity c fraction  0.0009  0.0002
v MPa 40 53
h MPa 36.5 46
Pinj MPa 39 47
v −0.15 −0.027
v −0.15 −0.029
 0.11 0.0018
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Figure 15. We are assuming a simple relationship between the crack
density h and normalized horizontal differential stress, Pinj
− h/v − h, for both ﬁeld examples. We have no evidence of
ﬁeld data that supports such a relationship other than numerical
modeling of fracture networks done by Sanderson and Zhang
2004. Despite the validity of such amodel, we obtain a larger crack
density value of the Gullfaks ﬁeld, which seems reasonable because
the injection pressure exceeds further beyond its initial horizontal
principal stress h than that of the Statfjord ﬁeld.
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rameters as given in Table 6 for the Gullfaks and Statfjord ﬁelds. No
azimuthal variation of the P-wave reﬂectivity induced by speciﬁc
crack orientation is modeled because we assume H = h. This
might not necessarily be true because the estimation of the two hori-
zontal stresses are uncertain.We observe that the fracturing does not
alter the AVO responses signiﬁcantly when compared with the iso-
tropic cases star symbols for the two ﬁeld examples.
Larger amplitude changes are predicted for the Gullfaks case
when compared with the Statfjord case because the crack-induced
anisotropy is larger, Figure 10. The weak AVO changes resulting
from fracturing are mainly explained by the fact that  and  are
roughly the same order of magnitude  is one to two times larger
than  and that the average Vp/Vs ratio across the shale-sand inter-
face is close to 2 equation 7. Also,  has almost no impact on the
AVO response for incidence angles limited to 30°–35°.
For the Statfjord case, it is impossible to relate the predictedVp/Vs
ratio increase to either a pore pressure increase or fracturing because
the modeled AVO responses are within the uncertainty of the time-
lapseAVOdata.However, for theGullfaks case, it seemsmore likely
that the change in the Vp/Vs ratio is caused by a pore pressure in-
crease instead of fracturing. The seismic modeling representing res-
ervoir fracturing does not explain the amplitude dimming with an-
gle/offset as observed from the seismic ﬁeld data.
Because most of the analysis in this work is done for areas below
the original OWC, one may assume that the observed amplitude ef-
fects are caused mainly by the observed pore pressure increase. In
this respect, the two data sets analyzed are ideal because we can
study the pure pore pressure effect from the time-lapse seismic data.
This study has not investigated possible other effects such as cool-
ing of the reservoir by thewater injection and compaction processes.
Prior to drawing ﬁrm conclusions, establishing similar observations
from other ﬁelds is necessary, as well as studying other pressure sce-
narios, such as pressure depletion. The value of knowing the Vp/Vs
ratio is signiﬁcant, both for time-lapse seismic studies and for pore
pressure prediction from conventional seismic data. Such observa-
tions might provide useful insight into the validity and usefulness of
various rock-physicsmodels.
CONCLUSIONS
We demonstrate that it is straightforward to combine the granular
H-M model with the Gassmann model in order to estimate the Vp/Vs
ratio versus differential stress, when assuming isotropic stress con-
ditions. By using the average number of contacts per grain or coordi-
nation number as a calibration parameter in this combined rock-
physics model, we estimate the Vp/Vs ratio versus differential stress
for two time-lapse seismic case studies from the North Sea. Both
case studies represent a signiﬁcant pore pressure increase on the or-
der of 5–15 MPa caused bywater injection.However, the end reser-
voir stress states are quite different for the two cases, as the ﬁrst ex-
ample represents near-zero vertical differential stress in the postin-
jection phase comparedwith 6 MPa vertical differential stress in the
second example.
From the calibration procedure for the twoﬁelds, we found signif-
icant differences in the estimated coordination number, 6 for Gull-
faks and 15 for Statfjord, indicating thatGullfaks is the least consoli-
dated reservoir.Aquick comparison of thin sections of the two reser-
voir sandstones together with static Young’s moduli E50 measure-
ments supports this view.
The calibrated rock-physics model predicted a Vp/Vs ratio in-
crease from 1.9 to 2.8 for the Gullfaks example, and a corre-
sponding increase from1.9 to2.0 of the Statfjord case study.The
estimated Vp-Vs ratio increase based on time-lapse AVO analysis is
from 1.9 to 7 for the Gullfaks ﬁeld and from 1.9 to 2 for the
Statfjord ﬁeld.The uncertainties in the time-lapseAVOestimates are
signiﬁcant; however, both observations indicate an increase inVp/Vs
ratio with increasing pore pressure. The observed increase in the
Vp/Vs ratio agrees with many published ultrasonic core measure-
ments. The changes of theVp/Vs ratio obtained from theGullfaks 4D
seismic data set appear to be more dramatic than the estimates ob-
tained frommodels and coremeasurements.The seismically derived
velocity ratios appear to be more stress sensitive at very low differ-
ential stresses.
The impact of crack-induced anisotropy caused by fracturing is
considered through seismic modeling. However, we found that the
change in theAVO responses between anisotropic and isotropic cas-
es is minor for the assumed crack densities for the two ﬁelds. For the
Gullfaks case, it seems more likely that the change in the Vp/Vs is
controlled by a pore pressure increase instead of fracturing. We ﬁnd
that the synthetic AVO responses assuming fracturing are opposite
of the real time-lapse seismicAVO responses. For the Statfjord case,
no AVO differences are seen between an isotropic and a fractured
anisotropic reservoir sand. Hence, it is impossible to determine
whether the predicted Vp/Vs increase results from either a pore pres-
sure buildup, fracturing, or both combined because the synthetic
AVO responses are within the uncertainty of the Statfjord 4D seis-
micAVOdata.
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APPENDIX A
THE H-M AND GASSMANN MODELS
The H-M model provides an estimate of how the dry frame mod-
uli,Kdry andGdry, of granular rocks varywith differential or net stress
for a ﬁxed porosity. By combining theH-Mwith theGassmannmod-
el, an estimate of the effective bulk and shear modulus of a ﬂuid-
ﬁlled rock can be computed as a function of differential stress.
TheGassmann equations can be expressed as
Ksat = Kdry +
1 − KdryKma
2

Kfl
+
1 − 
Kma
−
Kdry
Kma
2
, A-1
Gsat = Gdry, A-2
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whereKdry andGdry represents the effective bulk and shear moduli of
a dry porous rock as deﬁned in equations 2 and 3,Ksat andGsat are the
effective bulk and shearmodulus of the ﬂuid-ﬁlled rock, and is the
porosity. Kfl and Kma represent the effective bulk moduli of the pore
ﬂuid and the mineral rock matrix, respectively. Kfl is pressure sensi-
tive Batzle andWang, 1992, which is taken into account when cal-
culating the effective bulkmodulus Ksat of the rock.Kma is assumed
to be pressure independent.
The bulk density sat of porous rock is given as
sat = 1 − ma +  fl, A-3
where ma represents the effective mineral matrix density, whereas
 fl is the effective ﬂuid density.
Finally, the isotropic P- and S-wave velocities for a saturated
rock Figure 2 are given by
Vpsat = c11sat =Ksat +
4
3
Gsat
sat
, A-4
Vssat = c44sat =Gsatsat . A-5
APPENDIX B
CRACK-INDUCED ANISOTROPY MODELING
Assuming an isotropic and homogeneous background material,
vertical fractures are introduced using a scattering approach Hud-
son, 1981 to estimate the moduli of an elastic solid with ﬂuid-ﬁlled
thin, penny-shaped circular cracks. The objective is to quantify the
contribution of fractures in terms of Thomsen’s 1986 anisotropy
parameters of a transversely isotropicmedium HTIwith a horizon-
tal axis of symmetry.
The effective stiffnessCdry for the fractured dry rock frame is giv-
en as
Cdry = C0 + C1, B-1
whereC0 is the stiffness of the isotropic backgroundmaterial andC1
is the ﬁrst-order correction resulting from vertical fracturing, hence
the crack stiffness.
The dry isotropic moduli components cij0  are determined
through inverting equationsA-4,A-5, andA-1, resulting in
Kdry =
Kma KsatKma − Ksat − KflKma − Kfl
1 +  KsatKma − Ksat − KflKma − Kfl
. B-2
Kma,Kfl,Ksat, andKdry are the effective bulkmoduli of themineral
rock matrix, pore ﬂuid, saturated rock, and dry rock frame, respec-
tively.  represents the porosity of the background material. Be-
cause we assume an isotropic background, the medium stiffness is
given by
C0 = 
c11
0 c12
0 c12
0 0 0 0
c12
0 c11
0 c12
0 0 0 0
c12
0 c12
0 c11
0 0 0 0
0 0 0 c44
0 0 0
0 0 0 0 c44
0 0
0 0 0 0 0 c44
0
 , B-3
where
c11
0
= c22
0
= c33
0
= Kdry +
4
3
Gdry,
c12
0
= c11
0
− 2c44
0
= Kdry −
2
3
Gdry,
c44
0
= c55
0
= c66
0
= Gdry. B-4
Hudson’s inclusion model is used to estimate the dry effective
elastic moduli of an isotropic background medium with fractures.
The inclusion set introduced is vertical with horizontal crack nor-
mal. The ﬁrst order correction C1, representing the stiffness of the
dry vertical cracks, can then be expressed as an HTI medium given
by
C1 = 
c11
1 c13
1 c13
1 0 0 0
c13
1 c33
1 c23
1 0 0 0
c13
1 c23
1 c33
1 0 0 0
0 0 0 0 0 0
0 0 0 0 c55
1 0
0 0 0 0 0 c55
1
 , B-5
where
c11
1
= −
4
3
h Kdry +
4
3
Gdry3
GdryKdry + 13Gdry ,
c13
1
= −
4
3
hKdry −
2
3
GdryKdry + 43Gdry
2
GdryKdry + 13Gdry  ,
c33
1
= −
4
3
hKdry −
2
3
Gdry2Kdry + 43Gdry
GdryKdry + 13Gdry  ,
c23
1
= c331 − 2c441  = c331 , c441 = 0,
c55
1
= −
16
3
h Kdry +
4
3
Gdry
Gdry3Kdry + 2Gdry
 . B-6
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Note that the crack density h number of cracks per unit volume de-
notes a crack set with horizontal crack normal.
Assuming penny-shaped cracks, the crack porosityc is given as
c = hb
a
 , B-7
where b/a represents the thickness-diameter ratio of a single crack.
The porosity after fracturing is given as
t =  + c. B-8
The effective medium stiffness of the dry fractured rock frame
Cdry is derived by adding equations B-3 andB-5,
Cdry = 
c11
0 + c11
1 c12
0 + c13
1 c12
0 + c13
1 0 0 0
c12
0 + c13
1 c11
0 + c33
1 c12
0 + c33
1 0 0 0
c12
0 + c13
1 c12
0 + c33
1 c11
0 + c33
1 0 0 0
0 0 0 c440 0 0
0 0 0 0 c440 + c551 0
0 0 0 0 0 c440 + c551
 .
B-9
The saturated stiffness moduli components cijsat are predicted us-
ing an anisotropic version of Gassmann’s relations Carcione, 2001
given for j
 i as
cij
sat
= cij
dry + Mi j . B-10
The individual moduli components cijdry are deﬁned in equation
B-9, whereas andMare given as
 = 
1
2
3
4
5
6
 = 
1
1
1
0
0
0
 − 13Kma
c11
dry + c12
dry + c13
dry
c12
dry + c22
dry + c23
dry
c13
dry + c23
dry + c33
dry
c14
dry + c24
dry + c34
dry
c15
dry + c25
dry + c35
dry
c16
dry + c26
dry + c36
dry
 , B-11
and
M =
Kma
1 − K*Kma − t1 − KmaKfl 
. B-12
The average bulkmoduli of the dry rock frame K* is given as
K* =
1
9
c11dry + c22dry + c33dry + 2c12dry + c13dry + c23dry . B-13
The effective medium stiffness matrix Csat of the water-saturated
fractured rock derived from equationB-10 is given as
Csat = 
c11
dry c13
dry c13
dry 0 0 0
c13
dry c33
dry c23
dry 0 0 0
c13
dry c23
dry c33
dry 0 0 0
0 0 0 c44
dry 0 0
0 0 0 0 c55
dry 0
0 0 0 0 0 c55
dry

+ M
1
2 13 13 0 0 0
13 3
2 3
2 0 0 0
13 3
2 3
2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 .
B-14
The crack-induced anisotropy, assuming vertical ﬂuid-ﬁlled cracks,
can be quantiﬁed for an HTI media using generic Thomsen parame-
ters Rüger, 1998. These parameters, V, V, and , are related to
the saturated stiffnessmoduli components cijsat as
V =
c11
sat
− c33
sat
2c33
sat ,
V =
c13sat + c55sat2 − c33sat − c55sat2
2c33
satc33sat − c55sat
,
 =
c44
sat
− c55
sat
2c55
sat . B-15
where V and V are deﬁned with respect to the vertical symmetry-
axis plane, whereas  is deﬁned with respect to the horizontal sym-
metry-axis plane.
Numerical estimates of the crack-induced anisotropy are given in
Table 6 for themonitor 1 case of theGullfaks and Statfjord ﬁelds.
In both ﬁeld cases, anisotropic stress conditions exist where the
principal vertical stresses are assumed to be larger than the major
andminor horizontal principal stresses vH = h. During pres-
sure maintenance at both ﬁelds, the injection pressure Pinj exceed-
ed the horizontal stresses Pinj
h, which may result in opening ver-
tical fractures. Figures 10 and 14 show the AVO response using a
weak anisotropic P-wave reﬂectivity approximation at an interface
between an isotropic shale overlying the HTI reservoir sandstone,
andTable 6 gives the anisotropy parameters for the two ﬁeld cases.
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2.1 Extended discussion
This section has an extended discussion about assumptions made and results
presented in Chapter 2.
The assumption of a 15% P-wave velocity reduction: This is actually more
than an assumption; it is justiﬁed by the following observations made from
both the Gullfaks time-lapse seismic data and core measurements:
• Landrø et al. (2001) observed a time-lapse slowdown of the traveltimes
below the reservoir by 4-6 ms. This is a strong indication of a velocity
slowdown (reduction of the vertical P-wave velocity within the reservoir).
No signiﬁcant slowdown is observed at the top reservoir, indicating no
signiﬁcant velocity changes in the cap rock.
• In Figure 9 of Chapter 2, a strong increase in the magnitude of the
negative reﬂection coeﬃcient is observed at the top reservoir on the near
oﬀset stack. Rock physics measurements from the Gullfaks Field show no
signiﬁcant density changes (Landrø, 2001) when pore pressure is changed,
therefore it is reasonable to assume minor density changes. If we assume
negligible density changes, this strong increase in the magnitude of the
near oﬀset reﬂection coeﬃcient leads to a signiﬁcant decrease in the P-
wave velocity.
• The dry core measurements shown in Figure 5 of Chapter 2 indicate
signiﬁcant reduction in the P-wave velocity ranging between 10-30% when
the pore pressure increases with 5 to 6 MPa.
• We have neglected time-lapse changes in the overburden. If we assume
that the pore pressure has increased also in the cap rock, we should expect
a velocity slowdown (both in the case of fracturing and pore pressure
increase). This implies a reduction in the near oﬀset reﬂection coeﬃcient,
which is opposite of the observed amplitude increase seen in Figure 9.
Also note that the overburden stresses will change if the overburden pore
pressure change. Above the crest the vertical stress will increase while
the horizontal stress will decrease
As stated in our paper the amplitude versus oﬀset (AVO) analysis is as-
sociated with uncertainties contributing from the Gullfaks time-lapse seismic
data, core data and the underlying assumptions of the AVO modeling. The
time-lapse seismic data has been exposed to an industry standard time mi-
gration which is likely to improve the signal-to-noise ratio of the data. No
particular attempts where made to monitor the AVO variation before and af-
ter time migration. We observe signiﬁcant variation in the root-mean-square
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(rms) amplitude level along the target reﬂector at the Gullfaks Field. This
is likely to be due to various propagation and repeatability eﬀects as brieﬂy
discussed in Chapter 2. The rms amplitude (arms) is calculated as
arms =
√
a21 + a22 + ... + a2n
n
, (2.1)
for all three partial stacks. n represents the number of amplitude samples
(a1,a2...) in the 60 ms time window centered around top reservoir reﬂector.
No azimuthal AVO analysis was performed because the marine surface seismic
data do not have the necessary azimuth coverage to allow such analysis. The
time-lapse seismic data is acquired in an East-West direction which coincides
more or less with the direction of the largest regional horizontal stress (Brudy
and Kjørholt, 2001). Hence, the potential fracture pattern across the Gullfaks
Field coincides more or less with the acquisition direction of the seismic data.
Based on Brudy and Kjørholt (2001) analysis of well data where the horizontal
stress condition is σH > σh and the modeling work of Alassi et al. (2010), it is
reasonable to consider a case where parallel vertical cracks might develop with
a preferred orientation in an East-West direction making the initial isotropic
Cook sand horizontal transverse isotropic (HTI).
To further explore plausible models explaining the time-lapse seismic AVO
data some additional anisotropic model scenarios are made as shown in Table
2.1 and in Figures 2.1 to 2.5. The horizontal and vertical axes of the AVO
plots are the same as that of Figure 10 in Chapter 2. Two pairs of shale
anisotropy parameters are selected for δ and  based on Wang (2002) and Brevik
et al. (2007), whereas anisotropy values of the sand is taken from Thomsen
(1995). The P- and S-wave velocities of the sand are reduced with 15% with
respect to the in-situ stress conditions (baseline, model 1) due to pore pressure
increase and fracturing. In the latter seven cases, only δ and  values are
changed due to introduction of horizontal cracks preferably in the sand. The
anisotropy values of the VTI shale in the fourth model is doubled with respect
to the baseline model simulating also time-lapse changes due to development
of horizontal cracks. In the ﬁfth and eighth model scenarios we adjusted the
anisotropy parameters (δ and ) of the sand to best ﬁt the Gullfaks time-lapse
seismic AVO data. An extreme δ-value is obtained in both cases which in
our view is not very realistic. In models six to eight we changed the δ and 
values of the shale according to the anisotropy parameter estimation done by
Brevik et al. (2007). In the ﬁve Figures below the isotropic baseline P-wave
reﬂection coeﬃcient (circle symbol) based on Zoeppritz equation is relatively
weak and the absolute amplitude increases with angle. The corresponding
baseline reﬂection coeﬃcient assuming a vertical transverse isotropic (VTI)
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shale overlying an isotropic Cook reservoir sand is shown as a black solid line.
This is modeled using a VTI P-wave reﬂection coeﬃcient of Ru¨ger (1997) for
a weakly anisotropic medium.
Model Half-space Vp(m/s) Vs(m/s) ρ(kg/m
3) Vp/Vs δ 
1 Layer1 (baseline shale) 2600 1000 2300 2.6 0.05 0.15
Layer2 (baseline sand) 2500 1315 2100 1.9 0.00 0.00
2 Layer1 (VTI shale) 2600 1000 2300 2.6 0.05 0.15
Layer2 (ISO sand) 2125 1118 2100 1.9 0.00 0.00
3 Layer1 (VTI shale) 2600 1000 2300 2.6 0.05 0.15
Layer2 (VTI sand) 2125 1118 2100 1.9 0.09 0.14
4 Layer1 (VTI shale) 2600 1000 2300 2.6 0.10 0.30
Layer2 (VTI sand) 2125 1118 2100 1.9 0.09 0.14
5 Layer1 (VTI shale) 2600 1000 2300 2.6 0.05 0.15
Layer2 (VTI sand) 2125 1118 2100 1.9 0.90 0.30
6 Layer1 (VTI shale) 2600 1000 2300 2.6 -0.07 0.15
Layer2 (ISO sand) 2125 1118 2100 1.9 0.00 0.00
7 Layer1 (VTI shale) 2600 1000 2300 2.6 -0.07 0.15
Layer2 (VTI sand) 2125 1118 2100 1.9 0.09 0.14
8 Layer1 (VTI shale) 2600 1000 2300 2.6 -0.07 0.15
Layer2 (VTI sand) 2125 1118 2100 1.9 0.70 0.50
Table 2.1: Average seismic and anisotropy parameters of shale (layer 1) and sand (layer 2)
used for the additional eight Gullfaks half space seismic models.
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Figure 2.1: Two-layer AVO modeling based on log derived parameters (Table 2.1) for the
Gullfaks Field. The red P-wave AVO curve represents a VTI shale overlying a isotropic
sand while the green AVO curve simulates a VTI shale overlying a VTI reservoir sand with
horizontal cracks. The solid blue circles represents the rms-values (scaled by -0.000015) at the
Top Cook reﬂector of the 1996 near, mid and far oﬀset stacks (Table 2, Chapter 2). The error
bars represent ± one standard deviation, based on the variation in the rms-values obtained
from averaging 46 cross-line traces.
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Figure 2.2: Two-layer AVO modeling based on log derived parameters (Table 2.1) for the
Gullfaks Field. The green P-wave AVO curve simulates time-lapse changes in the VTI shale
through a doubling of the anisotropy values with respect to those of the baseline model due
to potential development of horizontal cracks.
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Figure 2.3: Two-layer AVO modeling based on log derived parameters (Table 2.1) for the
Gullfaks Field. The green P-wave AVO curve is obtained by adjusting the anisotropy values
of the reservoir sand to ”best ﬁt” the real 1996 AVO response of the Top Cook reﬂector.
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Figure 2.4: Two-layer AVO modeling based on log derived parameters for the Gullfaks
Field. The green P-wave AVO curve simulates a VTI shale with a diﬀerent pair of anisotropy
parameters taken from Brevik et al. (2007).
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Figure 2.5: Two-layer AVO modeling based on log derived parameters for the Gullfaks
Field. The green P-wave AVO curve simulates a VTI shale with a diﬀerent pair of anisotropy
parameters taken from Brevik et al. (2007) and anisotropy values of the reservoir sand ob-
tained by a ”best ﬁt” to the real 1996 AVO response of the Top Cook reﬂector.
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The Hudson model (Hudson, 1981) assumes that cracks are isolated with
respect to ﬂuid ﬂow. The model assuming cracks ﬁlled with weak material is
therefore appropriate for high-frequency laboratory conditions and Thomsen
(1995) points out that this fails to account for ﬂuid ﬂow between cracks and
pores, resulting in signiﬁcant under-prediction of . However, Thomsen (1995)
also shows comparison of the Thomsen anisotropy predictions from his model
with that of Hudson (1981) when assuming a dry porous medium. In this dry
case the deviation between the two model-predictions are in order of maximum
10% for the Thomsen δ parameter which is not signiﬁcant. The approach we
follow in Chapter 2 simulates a low-frequency ﬁeld situation by use of Hud-
son’s dry equations and then saturate the porous medium using an anisotropic
version of Gassmann’s relation (Carcione, 2001). The Thomsen anisotropy pa-
rameters are then calculated from the saturated stiﬀnesses. Without further
comparison of model-predictions we think that our modeling approach may
account for the dispersion mechanism.
Chapter 3
Using Mindlin theory to
model friction-dependent
shear modulus in granular
media
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Using Mindlin theory to model friction-dependent
shear modulus in granular media
Kenneth Duffaut1,2, Martin Landrø1, and Roger Sollie2,3
ABSTRACT
Anexplicit expression for the effective shearmodulus of a ran-
dom packing of identical spheres is derived as a function of
Mindlin’s tangential stiffness with interparticle contact friction.
Themotivation behind the approach is to incorporate the effect of
intergrain friction to predict velocities in unconsolidated sands.
TheMindlin friction term, allowing partial slip across the contact
area between pairs of spheres, can be viewed as a parameter ac-
counting for the growingmacroscopic intergrain friction in sands
as burial progresses. Hence, both moduli and velocities will
gradually increase as the compressional- to shear-wave velocity
ratio VP /VS or Poisson’s ratio  decreases.An estimate of ef-
fective elastic constants in particular shear modulus can be ob-
tained for a spherical grain pack with an arbitrary frictional be-
havior ranging between two special contact boundary conditions
representing inﬁnite friction and zero friction. The proposed
model predicts a nonlinear transition between the two special
grain-contact conditionswhen compared to previously published
linear relationships. Comparison of elastic properties, i.e., dy-
namic shear-modulus predictions assuming zero contact friction
with experimental data on loose glass bead and sand samples un-
dergoing hydrostatic compression, appears to match reasonably
well at low conﬁning stress less than 5 MPa but deviates gradu-
ally as stress increases. It is advocated that the increasing effec-
tive internal frictional resistance of the experimental core sam-
ples control both the frictional attenuation mechanism in loose
grain packs under low conﬁning stress for strain amplitudes typi-
cal of seismic waves less than 106 and the higher stress-veloc-
ity sensitivity. Circumstantial evidence of this is found in publi-
cations describing both laboratory attenuation analysis and con-
solidation experiments on granular materials with different de-
grees of competence or static shear strength.
INTRODUCTION
Measured values of Poisson’s ratio for dry, clean unconsolidated
sand or sandstone are often close to 0.25 or less Domenico, 1977;
Han, 1986; Wang and Nur, 1992; Spencer et al., 1994; Bachrach et
al., 2000; Zimmer, 2003. As granular material compacts, the Pois-
son’s ratio diminishes due to rearrangement of particles or grain
crushing, which results in a porosity reduction Gaither, 1953; Ma-
gara, 1980; RammandBjørlykke, 1994; Avseth et al., 2001; Chuhan
et al., 2002; Zimmer et al., 2002. Often in granular rock-physics
analysis, contact models developed by Hertz 1882, Mindlin
1949, Digby 1981, Walton 1987, and Norris and Johnson
1997 are extensively used for two special limits representing either
an upper or lower bound for the effective Poisson’s ratio of a ran-
domly stacked assembly of identical spheres Wang andNur, 1992.
The lower bound, usually referred to as the Hertz-Mindlin model
or Walton’s “rough-spheres case” Wang and Nur, 1992; Mavko et
al., 1998, assumes no slip across theHertzian contact area, implying
inﬁnite contact friction. The other end limit, Walton’s “smooth-
sphere case,” assumes frictionless contacts and hence zero tangen-
tial traction and contact stiffness, allowing slip to occur across the
whole contact area. Mindlin 1949 extended his no-slip tangential
stiffness solution further, allowing partial slip to occur whenever the
tangential force exceeds the interparticle friction force between
grains.
To provide a clear understanding of our approach in tying the spe-
cial limits Walton, 1987, we review brieﬂy the main derivation of
the grain-contact stiffnesses and effective moduli of a random pack-
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ing of identical spheres with either inﬁnite friction or zero friction
between grains in contact. Thereafter, we derive a new expression
for the effective shear modulus combining Digby’s result Digby,
1981 with Mindlin’s extended solution Mindlin, 1949, including
frictional tangential contact stiffness. Our approach assumes a uni-
form stress-strain ﬁeld applied to the entire pack of spheres com-
posed of identical frictional contacts. Thismean strain-ﬁeld assump-
tion is analogous to that of Digby 1981 and to that of the special
bounds given by Walton 1987. The effective shear modulus can be
combinedwith the corresponding bulkmodulus to obtain other elas-
tic constants of an isotropic material. Our contact model may be a
tool for predicting velocities in unconsolidated sands or sandstone
composed of different interparticle bonds or grain-interlocking char-
acteristics. Finally, we compare our modeled dynamic shear modu-
lus and velocities with corresponding data from hydrostatic com-
pression tests on glass beads and sand of Zimmer 2003.
DRY EFFECTIVE BULK AND SHEAR MODULUS
OF A RANDOM PACK OF IDENTICAL
SPHERES
Digby 1981 solved the problemof the interaction of an assembly
of spherical particles that are initially bonded together across small
areas by use of elastic contact stiffnesses. He calculated explicitly
the dry effective Lamé moduli of a porous granular assembly of
identical spheres in contact arranged in a random isotropic packing.
Combining equations 33 and 34 of Digby 1981 when assuming ei-
ther no initial bonding between neighboring particles circular bond-
ing radius b0, slip limit or that the contact radius a is greater than
or equal to the bonding radius a
b, the effective bulk modulus is
given as
Kdry
1Cp
12R
SN, 1
where is porosity,Cp is the coordination number average number
of contacts per sphere, and R is the sphere radius. The normal stiff-
ness contact, SN, is given by Digby, 1981
SN
4Ga
1
, 2
where G and  are the shear modulus and the Poisson’s ratio of the
solid spheres, respectively. The corresponding effective shear mod-
ulus is given by Digby, 1981
Gdry
1Cp
20R SN 32ST, 3
where ST is the tangential contact stiffness
ST
8Gb
2
. 4
NO-SLIP LIMIT, INFINITE-CONTACT
FRICTION
In this and the following section, we review brieﬂy the main deri-
vation of the effective bulk and shear modulus for two special cases
assuming no slip ab, inﬁnite friction and slip b0, zero fric-
tion inside the contact area between a pair of spheres. We will dis-
cuss later how these limits are connected smoothly by including in-
terparticle contact friction.
If two identical elastic spheres are in contact under the action of a
normal force FN, as shown in Figure 1, the Hertz theory Hertz,
1882 provides a relationship between the circular contact area with
radius a and the normal displacement  N, given as
a NR3FNR18G 
1
3
. 5
The normal stress distribution as function of distance r from the cen-
ter of the circle onwhich the stress acts is Hertz, 1882
 r
3FN
2a21 r
2
a2
 12 . 6
Themaximum contact stress at the center r0 is
 r0
3FN
2a2
, 7
whereas at the edge of the contact area ra, the normal stress be-
comes zero. Rearranging equation 5 results in a force-displacement
relation that describes normal loading for an elastic contact between
two spheres:
FN
8GR 12
31
 N
3
2
. 8
Differentiating equation 8 FN/ N yields the normal contact stiff-
ness deﬁned in equation 2.
If a hydrostatic conﬁning pressure P is applied to the solid portion
of the random isotropic packing, the conﬁning force FN acting be-
tween pairs of spheres is
FN
4R2P
Cp1
. 9
Replacing the normal force in equation 5 with that of equation 9, the
radius of the contact area is
δ
2T
R
a
F rN
F
Tδ
N ContactF
T
F
N
δ
2T
Figure 1. Schematic cross-section viewof two identical sphereswith
radius R undergoing deformation along with contact forces and dis-
placement. The radius of the circular contact area is marked a, and r
is the distance from the center of the circle onwhich the stress acts.
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aR 31P2Cp1G
1
3
. 10
Inserting equation 10 into equation 2, we ﬁnd that
SNR 96G2PCp121
1
3
. 11
The dry effective bulk modulus of a random sphere packing is ob-
tained by inserting equation 11 into equation 1:
KdryCp212G2P18212 
1
3
. 12
Equation 12 assumes a hydrostatic stress-strain relationship given
byWalton 1987:
P
2Cp1G
31   p3 
3
2
, 13
where  p /3 is the average isotropic volumetric strain. Equation 13
can be derived from equations 8 and 9 using that  p /3 N /R.
Mindlin 1949 extended Hertz theory by applying a small tan-
gential forceFT across the circular contact area between two spheres
that initially are pressed together by a constant normal force FN. The
tangential force-displacement relation is Mindlin, 1949
FT
4Ga
2
 T, 14
where  T is the tangential displacement of a sphere center relative to
the contact-area center see Figure 1. For such loading, the distribu-
tion of tangential traction or shear stress  is not constant across the
contact area, as shown in Figure 2a, and its intensity is given as
Mindlin, 1949
 r
FT
2a21 r
2
a2
12 , 15
where a is given by equation 5 and r is the distance from the center of
the circle on which the stress acts. Minimum stress value is at the
center r0, where
 r0
FT
2a2
. 16
At the edge of the same contact area ra, the shear stress be-
comes inﬁnite,  ra. This can occur only if the coefﬁcient
of friction is inﬁnite, which implies that there is no partial slip in the
contact area. Mindlin 1949 gave the tangential stiffness solution
for such a loading and boundary condition as ST2FT/ T:
ST
8Ga
2
. 17
Inserting expressions of the contact radius a and normal and tangen-
tial stiffnesses equations 10, 2, and 17 into equation 3, the effective
shearmodulus of a random sphere packing is
Gdry
3
5542 Kdry. 18
Equations 12 and 18 are usually referred to as the standard Hertz-
Mindlinmodel or rough-spheres case Mavko et al., 1998. Combin-
ing these two equations, the dry effective VP /VS gives equation 5 of
Winkler 1983when assuming a radius ratio a /b1:
VPVSdryKdryGdry 4310754 , 19
which represents the no-slip limit and hence a lower bound for the
velocity ratio of a random sphere packing Wang and Nur, 1992.
The corresponding effective Poisson’s ratio is given by Walton,
1987
dry

253
. 20
SLIP-LIMIT, ZERO-CONTACT FRICTION
In addition to the previous solution, equations 12 and 18, Walton
1987 derived dry effective bulk and shear moduli, assuming fric-
tionless contacts perfectly smooth spheres where the tangential
traction and contact stiffness becomes zero ST0 Figure 2c. Di-
viding equation 3 by equation 1 when ST0 yields Mavko et al.,
1998
Gdry
3
5
Kdry. 21
The effectiveVP /VS for such a contact condition is given by Walton,
1987
VPVSdry3, 22
which corresponds to a Poisson’s ratio of
a = c
No slip
Infinite friction
0
∞
(r)
Traction
profile
Contact
area
τ τ(r)
a
c
Partial slip
Nonzero friction
Slip
No−Slip
τ(r)
Zero friction
a
Gross slip
a) b) c)
Figure 2. Schematic tangential traction or stress  r distribution
proﬁles across a contact area between two equal spheres with differ-
ent boundary conditions. a no slip, b partial slip, c complete or
gross slip. Partial slip initiates at the outer radius a radius of zone
with stick-slip motion of a circular Hertzian contact area and
progresses radially inward to c with increasing tangential force FT,
when assuming constant coefﬁcient of friction in the contact area,
as shown in b.
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dry
1
4
. 23
PARTIAL SLIP WITH NONZERO-CONTACT
FRICTION
We have reviewed expressions for effective elastic moduli of two
special grain-contact conditions of a random packing of identical
spheres. In this section, we will derive an expression of the effective
shear modulus directly by combining Mindlin’s extended tangential
contact-stiffness solution assuming ﬁnite shear or tangential trac-
tion at the edge of the contact surface between a pair of identical
spheres with the explicit effective modulus expressions derived by
Digby 1981. By doing so, we attempt to tie the two special limits
Walton, 1987 by averaging two frictional grain contacts into an ar-
bitrary effective frictional behavior of a granular pack composed of
an ensemble of sphereswith identical frictional contacts.
Mindlin 1949 introduced frictional contacts assuming partial
slip to initiate at the outer radius a of a circular contact area under
constant normal force FN to an inner radius c with monotonically in-
creasing tangential forceFT.Mindlin obtained a distribution of shear
traction stress assuming a constant friction coefﬁcient across the
contact surface given by
 r
3FN
2a2
1 r2
a2
, for cra
3FN
2a2
	1 r2
a2

c
a
1 r2
c2

, for rc 
24
where c is the radius of the central no-slip zone shown in Figure 2b.
Furthermore, he showed that the tangential force FT is obtained by
integrating the traction proﬁle over the contact area
FT
0
2

0
a
 rrdrd , 25
where r and  are polar coordinates. This results in equation 101 of
Mindlin 1949:
ca1 FT
FN
 13 , 26
which gives the circular no-slip zone with radius c as function of
contact forces FT, FN and the coefﬁcient of static friction, whereas
a now represents the radius of the contact zone with stick-slip mo-
tion Figure 2b. As FT approaches FN, c approaches zero, and
complete sliding occurs Figure 2c, with a constant tangential force
equal toFN. Furthermore,Mindlin 1949 assumed that the surface
displacement  T within the no-slip zone is uniform everywhere, giv-
ing a tangential force-displacement relation as
FTFN	11 16Ga T32FN
3
2
 . 27
Differentiating equation 27 with respect to the displacement
FT/ T yields equation 103 ofMindlin 1949:
ST
8Ga
2 1 FTFN
1
3
. 28
The tangential contact stiffness can now vary nonlinearly with the
applied tangential force. Stoll 1989 andNorris and Johnson 1997
extended the tangential contact stiffness given by Mindlin 1949
equation 28 by accounting for different loading and unloading
paths through assuming, after applying a normal force FN0, that both
FN and FT are increased at an arbitrary relative rate. Much of their
work uses rules established byMindlin andDeresiewicz 1953 in an
exhaustive article of the mechanics near the contact region of two
elastic spheres.
We continuewith the result and assumptions ofMindlin 1949 by
deﬁning f 1FT /FN 13 as the Mindlin friction term which
reﬂects the ratio between the stick-slip radii equation 26 of the
grain-contact area Figure 2b. Inserting expressions of the contact
radius a and normal and tangential stiffnesses equations 10, 2, and
28 into equation 3, the effective shear modulus of a random sphere
packingwith frictional contacts is
Gdry
3
5	1 312 f
Kdry. 29
The ratio Gdry /Kdry monotonically increases with growing stick-slip
ratios  f and is independent of the conﬁning stress. This elastic-
moduli ratio Gdry /Kdry behavior is similar to that of Magnanimo et
al. 2008, although those authors allow variable coordination num-
bers in their paper.
As will be shown later, the two special limits assuming either
complete slip f0, c0 or no slip f1, ca inside the
contact area between two spheres are smoothly connected as the
Mindlin friction term increases. Furthermore, the dry effective ve-
locity ratio can be expressed as
VPVSdry35	1 312 f

1

4
3
, 30
whereas the dry effective Poisson’s ratio is
dry
52	1 312 f

102	1 312 f

. 31
In the special case of zero friction representing complete sliding
f0 FT equal to FN, the effective VP /VS equals 3, corre-
sponding to an effective Poisson’s ratio equal to 1 /4, as shown in the
previous section, equations 22 and 23 Walton, 1987. For the limit
of inﬁnite friction representing no slip f1FT /FN0, we
obtain equations 19 and 20.
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MODEL VERSUS EXPERIMENTAL DATA
To enable a reasonable comparison between our analytical model
and the experimental glass-bead data of Zimmer 2003, we use sol-
id properties for the glass beads reported by Zimmer 2003 and by
Sain et al. 2008. The silica glass has matrix density of 2.46 g /cm3,
shear modulus of 29.0 GPa, and a Poisson’s ratio of 0.2, which cor-
responds to a matrix bulk modulus of 38.7 GPa. These values are
close to those reported by Spinner 1956, Domenico 1977, Cun-
dall et al. 1989, and Holt et al. 2007. The effective-media theory
expressions, equations 1 and 3, assume a random packing of identi-
cal spheres with a ﬁxed porosity of 36%. Walton 1987 assumes no
newcontacts to bemade or lost during compression.Arandomdense
packing with 36% porosity corresponds to an average coordination
numberCp of 10 to 11, according toBernal andMason 1960, which
is comparable to the value of nine given by Brandt 1955 and the
trend complied byMurphy 1982. The latter trend is estimated with
the following function given by Zimmer 2003:
Cp24e2.5470.373. 32
This agrees with the theoretical value of eight to 10 contacts per
grain for regular spherical packs of comparable porosity obtained
from the extensivework ofGraton and Fraser 1935.
On the other hand, Makse et al. 1999 and Duffaut and Landrø
2007 propose a dependence of the coordination number on stress to
compensate for modulus or velocity discrepancies between theory
and experiments. Granular dynamics simulations of Makse et al.
1999 showed an increase in the average coordination number from
six to about seven over a stress range of 0 to 20 MPa, whereas Duf-
faut and Landrø 2007 estimated for the same stress range a larger
increase from six to 15 from dry core measurements. Marvin 1939
observed for the same stress range an average coordination number
of about 8.5 from lead-shot compression tests. For lower conﬁning
pressure 1 MPa, Cundall et al. 1989 and Agnolin and Roux
2008 observed from numerical simulations of isotropic assemblies
of glass spheres a larger variation in average coordination number
with pressure than porosity, some as low as 4.5 to 5.0.
We continue with Walton’s assumption Walton, 1987 and
choose a constant coordination number of nine obtained from equa-
tion 32 in ourmodeling. Figure 3a shows themodeled effective shear
modulus equation 29with increasing conﬁning stress for a discrete
set of values of theMindlin friction term  f. Figure 3b illustrates
the increase in modeled P-wave and S-wave velocity for the same
stress range and f values.
The dry velocities of the grain pack are given as
VPdry
Kdry 43Gdry
1ma
33
VSdry Gdry1ma, 34
where VPdry and VSdry represent the P-wave and S-wave velocity, re-
spectively, and ma is the matrix density. Correspondingly, shear
modulus and dry velocities measured in a consolidation experiment
with glass beads by Zimmer 2003 are shown as black circles. Hy-
drostatic loading from 0.1 to 20 MPa load cycles 7 and 8 with the
largest size of glass beads called GB Big in Zimmer, 2003 reduces
porosity from 37.6% to 36.2%. There is an observable gradual in-
creasing deviation between both the shear modulus and velocities
measured in the glass-beads experiment when compared to the per-
fect slipmodel ofWalton 1987.
Likewise, a comparison is shown inFigure 4a and b betweenmod-
el and experimental measurements obtained from an almost identi-
cal consolidation test of Zimmer 2003 on Santa Cruz aggregate
sand SCBig. This is a quarried beach sandmade of sieved fractions
of grain sizes between 0.295 and 0.350 mm.The sorting characteris-
tics, mean grain size, coefﬁcient of uniformity, and curvature are the
same as those of the glass-bead sample, but the sphericity and round-
ness characteristics are very different Figure 2 in Zimmer et al.,
2007. The porosity of the Santa Cruz sand sample drops from
39.5% to 37.2% for two load cycles from 0.1 to 20 MPa cycles 8
and 9, which is slightly higher compared with that of the glass
beads.
In addition, the mineral composition is different when comparing
solid grains. The Santa Cruz sand sample is composed of multimin-
eral sand grains, whereas the glass beads are 100% silica glass Zim-
mer, 2003; Zimmer et al., 2007. The effective solid grain moduli of
the Santa Cruz sand that we use for model comparison are estimated
by averaging upper and lower Hashin-Shtrikman bounds for multi-
phase grains given by Berryman 1995. Volumes of solid fractions
are taken fromZimmer et al. 2007, andmineralmoduli and density
values are from Mavko et al. 1998. The effective bulk and shear
modulus of the solid sand grains are approximately 39.5 GPa and
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Figure 3. Contact model predictions of a effective shear modulus
and b dry velocities versus hydrostatic conﬁning stress for a dis-
crete set of values of the Mindlin friction term  fc /a when
assuming silica glass-matrix properties of ma2.46 g /cm3, G
29.0 GPa, and 0.20. The two special limits ofWalton 1987,
slip and no slip, are shown as dashed lines for both shear modulus
and velocities.A rising effective contact friction results in gradually
higher shear modulus and hence faster P-wave and S-wave veloci-
ties. Correspondingly, shear modulus and dry-velocity measure-
ments from the consolidation test on glass beads called GB Big in
Zimmer, 2003 are shown as black circular symbols for two hydro-
static load cycles cycles 7 and 8 from 0.1 to 20 MPa.
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31.4 GPa, respectively, which corresponds to a Poisson’s ratio close
to 0.19 and amatrix density of 2.64 g /cm3.
LINEAR VERSUS NONLINEAR FRICTION
MODELS
We propose using Mindlin’s tangential stiffness solution Mind-
lin, 1949, including interparticle contact friction, in combination
with Digby’s expressions of effective modulus Digby, 1981 when
estimating the shear stiffness of a random pack of identical spheres.
This results in a nonlinear relationship that tiesWalton’s two special
cases Walton, 1987, inﬁnite friction no slip and zero grain-con-
tact friction slip, by allowing partial slip across the contact area be-
tween pairs of spheres in a grain pack.We see our approach as analo-
gous to the effective-medium theory associatedwith granularmedia,
in which two frictional grain contacts were averaged into an arbi-
trary effective frictional behavior of an ensemble of spheres with
many identical frictional contacts.
Jenkins et al. 2005 introduced a linearweight factor represent-
ing the strength of the tranverse stiffness of the grain-to-grain con-
tact tying together the same end-member solutions. Figure 5a shows
a comparison of the two models for the dry effective velocity ratio
VP /VS and Poisson’s ratio for a solid-grain Poisson’s ratio of 0.2.
The deviation between the effective elastic constants predicted by
themodels for a given ratioFT /FN is caused by areal differences of
the no-slip zone, as shown in Figure 5b. Hence, higher velocity ratio
or Poisson’s ratio values are therefore expected for the Jenkins mod-
el because it always predicts a lower stick-slip ratio between the spe-
cial limits when compared to ourmodel.
Assuming a linear relationship, 1–FT /FN, equation 31 be-
comes
dry
221
4221
, 35
which is identical to that of Jenkins et al. 2005. This is not based on
Mindlin’s loading and boundary conditions but is an adjustment of
the cube root of f equation 28 to unity. Hence, the no-slip con-
tact area diminishes, causing a reduction in the stick-slip ratio, as
shown in Figure 5b. Figure 6a shows the dry effective VP /VS and
Poisson’s ratio as a function of the ratio FT /FN with increasing ex-
ponent value from zero to one. An exponent equal to zero corre-
sponds to a no-slip situation f1 radius ca, Figure 2a for
all FT /FN ratios, whereas an exponent equal to one results in Jen-
kins’ linear relationship, shown as the dashed line in Figure 6a. Fig-
ure 6b highlights the stick-slip ratio as a function of the ratioFT /FN
with increasing exponent value from zero to one.
Consolidation experiments performed on dry unconsolidated
granular samples show a clear reduction of porosity as conﬁning
stress increases. However, the rate of porosity reduction diminishes
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Figure 4. Comparison of contact model predictions of a effective
shear modulus and b dry velocities versus hydrostatic conﬁning
stress for a discrete set of values of the Mindlin friction term  f
c /a to the corresponding measurements of load cycles 8 and 9
from the dry Santa Cruz sand square magenta symbols of Zimmer
2003. We assume sand-matrix properties of ma2.64 g /cm3, G
31.4 GPa, and 0.19.As in Figure 3,Walton’s Walton, 1987
special limits, slip and no slip, are shown as dashed lines, and color-
coded curves predict the magnitude of the shear modulus and
P-wave and S-wave velocities with increasing effective contact fric-
tion in a stress range from 0.1 to 20 MPa. The sorting characteris-
tics, mean grain size, coefﬁcient of uniformity, and curvature are
identical to those of the glass-bead sample GBBig, but the spheric-
ity and roundness characteristics are very different, and porosity is
slightly higher for the sand sample.
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Figure 5. aComparison of the dry effectiveVP /VS andPoisson’s ra-
tio versusFT /FN of Jenkins et al.’s 2005model to ourmodel sol-
id line, including Mindlin’s 1949 tangential stiffness with inter-
grain contact friction. Both models assume a solid-grain Poisson’s
ratio of 0.2. Jenkins et al.’s 2005 model consistently predicts a
higherVP /VS and Poisson’s ratio except at the end points,when com-
pared to our model equations 30 and 31. The reason for this devia-
tion is shown in b, where the Jenkins linear model, for a given
FT /FN, consistently gives a stick-slip ratio  f less than the
nonlinear Mindlin friction term  f. The two special bounds of
the VP /VS or  dry for a random sphere packing are displayed as a
square and a triangle, representing perfect slip and no slip, respec-
tively.
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with increasing conﬁning stress Chuhan et al., 2002; Karner et al.,
2003; Zimmer, 2003. With this observation in mind, we prefer the
nonlinear stick-slip ratio  f given byMindlin 1949 over that of
Jenkins et al. 2005 simply because the rate of grain rearrangement
or movement in a granular pack undergoing compression seems to
diminish with increasing conﬁning stress. This is due to the increase
in the bulk or effective internal frictional resistance of the grain pack
as neighboring particles jam and become locked Yong andWarken-
tin, 1966; Byerlee, 1978; Anthony and Marone, 2005. Thus, both
static and dynamic stiffness and velocities will gradually increase as
the corresponding velocity ratio or Poisson’s ratio decreases Hardin
andRichart, 1963; Hamilton, 1972; Zimmer, 2003; Fjær, 2009.
Bachrach andAvseth 2008 and Dutta et al. 2009 suggest cali-
bration procedures for an effective granular media by mixing slip
and no-slip grain contacts by use of Jenkins’ model Jenkins et al.,
2005 to better ﬁt core and log velocitymeasurements aquired on un-
consolidated sediments. Correspondingly, our equation 29 requires
either estimates of theMindlin friction term  f to enable predic-
tions of shear modulus and velocities or, alternatively, to invert for
f from elastic moduli. This can be achieved through equations
29–31, given laboratory or well-log measurements as functions of
conﬁning stress.Appendix A outlines different ways to estimate the
Mindlin friction term from various elastic and petrophysical mea-
surements.
DISCUSSION
Ourmodel predicts nonlinear behavior in elasticmoduli i.e.,Kdry;
Gdry of a granular assembly of elastic spheres undergoing compac-
tion by allowing partial slip across the contact area between grains.
Figure 3a and b showsmodeled shearmodulus equation 29 and ve-
locities for growing stick-slip ratios  f, starting at the perfectly
smooth sphere-contact condition slip and ending at the no-slip lim-
it. The mineral moduli and petrophysical parameters stated previ-
ously for the glass beads are used in the modeling. Each colored
curve simulates a constant effective or apparent friction of a random
pack of identical spheres over a stress cycle from 0.1 to 20 MPa. A
comparison of shearmodulus and velocitymeasurements on a glass-
bead sample black circles, Figure 3a and bmade byZimmer 2003
with the slipmodel ofWalton 1987 appears tomatch fairlywell for
conﬁning stress below 5 MPa.At higher stresses, we observe gradu-
ally increasing deviation between the glass-bead measurements and
Walton’s perfect slipmodel.Apparently, shearmodulus and velocity
measurements of this sample seem to showahigher stress dependen-
cy than predicted by the perfect slip model. This observation is re-
ported by Domenico 1977, Norris and Johnson 1997, and Holt et
al. 2007, among others.
We argue that the increasing deviation observed between experi-
mental data of Zimmer 2003 and ourmodel seen in Figure 3a and b
can be related to a rising effective internal frictional resistance or
shear strength of the glass-bead sample as conﬁning stress increases.
Both moduli and velocity measurements of this sample gradually
cross the ﬁrst few color-coded isofrictional grain-contact curves pre-
dicted with our model equation 29. This indicates that the sample
may possess a unique effective frictional behavior in the ﬁrst few
stages of the compression test, before the magnitude of the elastic
measurements stabilizes or levels out toward the end of the loading
cycle. Hence, both shear modulus and velocities appear to be more
stress sensitive over the speciﬁc stress range than those of ourmodel,
which assumes constant porosity, coordination number, and grain-
contact friction.
It is observed that the P-wave velocity of the glass-bead sample
follows a different frictional curve, with a higher stick-slip value,
than does the shear-wave velocity. This is directly related to an un-
derestimation of the dry effective bulk modulus of the glass-bead
sample when using equation 12, which implies that the sample has a
dry effective Poisson’s ratio greater than Walton’s Walton, 1987
theoretical upper limit of 0.25 VP /VS greater than 3. Without fur-
ther explanation of the bulk-modulus discrepancy, there are some
potential sources of error related to loading path, plastic grain defor-
mation, strain anisotropy, and non-Hertzian contact conditions.
Pride and Berryman 2009 relate the discrepancy in bulk stiffness
between granular experimental measurements and model predic-
tions to “jamming” of loose grains in a pack that creates new stress-
bearing contacts. Hence, the elastic stiffness of the grain pack in-
creases.
A further support of a stress-dependent effective internal friction-
al-resistance mechanism may be seen when comparing dynamic
shear modulus and shear-velocity measurements of the Santa Cruz
aggregate sand square magenta symbols, Figure 4a and b to those
of our model when using sand-material properties, as stated previ-
ously. This comparison reveals that the stick-slip ratio  f of the
Santa Cruz sand is about 50% greater than that of the glass-bead
sample. We advocate that this is directly related to the angularity of
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Figure 6. a Dry effective VP /VS and Poisson’s ratio versus FT /FN
for an increasing magnitude of the exponent of equation 28. Jenkins
et al.’s 2005 model is displayed with a dashed line, whereas our
model using tangential stiffness with frictional grain contacts de-
scribed byMindlin 1949 is shown as a solid line. Bothmodels use a
solid-grain Poisson’s ratio of 0.2. The two special cases described by
Walton 1987 are shown as a square slip and a triangle no slip.
Part b highlights how the stick-slip ratio  f varies as function
ofFT /FN with increasing exponent value from zero to one. Jenkins
et al.’s 2005 stick-slip ratio varies linearlywith increasingFT /FN,
whereas our model is based on a nonlinear relationship. Jenkins et
al.’s 2005 model always predicts a lower stick-slip ratio compared
to our model for a given FT /FN except at end points. This explains
the deviation between the predicted VP /VS and Poisson’s ratio of the
twomodels.
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the sand grains see Figure 2 of Zimmer et al., 2007.Apack of angu-
lar grains possesses a larger effective internal frictional resistance
than one composed of perfectly smooth uniform spheres. Hence,
both dynamic shearmodulus and shear velocity in the sand are there-
fore larger than those of the glass beads and the model representing
perfectly smooth spheres Hardin and Richart, 1963; Hamilton,
1972.
Note that the sorting characteristics of the Santa Cruz sand are
identical to those of the glass-bead sample Zimmer, 2003; Zimmer
et al., 2007. The lower P-wave velocity observed in the sand as
compared with that of the glass-bead sample is partly explained
through slightly higher porosity in the sand about a porosity unit
higher. It is interesting to note that the P-wave velocity of the sand
consistently lies below that of the glass beads across the stress cycle,
whereas a crossover is observed for the S-wave velocities of the two
samples. It is also worth mentioning that the stick-slip ratios ob-
served for both P-wave and S-wave velocities in the sand are ofmore
comparablemagnitude than that of the glass beads.
Other possible sources contributing to the observed elastic-modu-
lus or velocity deviations are differences in initial grain-fabric ge-
ometry, stress state, and loading paths between experiments and
model. In addition, errors related to coordination number and grain-
mineral moduli will affect the magnitude of the effective modulus
and velocities of the grain pack and cause a vertical shift, up or down,
of the isofrictional curves shown in Figures 3 and 4. The estimated
grain-mineral moduli of the Santa Cruz sand is about 5% to 7%
greater than those of the glass beads. Hence, the shear-modulus pre-
dictions of the sand are shifted vertically upward, and the corre-
sponding curves for the P-wave and S-wave velocities are pushed
slightly downward. The latter shift is related mainly to the higher
matrix density of the sand. The frictional curves derived with the
model parameters assumed in this work indicate that moduli and ve-
locities of both samples are located toward small stick-slip  f
ratios far from the no-slip limit. A comparison of experimental
stress-velocity data of glass beads and loose sandwith contactmodel
predictions found in publications Norris and Johnson, 1997; Zim-
mer, 2003; Zimmer et al., 2007; Bachrach andAvseth, 2008 agrees
with our observation. On the other hand, Holt’s Holt et al., 2007
stress-velocity data of glass beads obtained from a hydrostatic load-
ing test indicate steeper gradients of both P-wave and S-wave veloc-
ities between Walton’s Walton, 1987 slip and no-slip limit over a
stress range of about 5 to 15 MPa. It is important to bear inmind that
these comparisons are also sensitive to the choice of coordination
numbers and grain-mineralmoduli. Furthermore, we observe higher
stress sensitivity in parts of the loading cycle for the shear modulus
and shear velocity of the Santa Cruz sand because these are crossing
the glass-bead measurements. This crossover occurs even though
the porosity of the sand is slightly higher about 3% than that of the
glass-bead sample. If a porosity correction is applied to the shear
measurements, for instance by use of a Reuss model Zimmer,
2003, the distance relative to those of the glass beads will increase
because the porosity is reduced.
Our model is based onWalton’s Walton, 1987 average strain as-
sumption equation 13, in which each grain contact in an assembly
of spheres deﬂects according to an overall mean strain ﬁeld applied
to the entire pack. It is important to note, however, that the average
strain assumption has been questioned by, e.g., Makse et al. 1999,
Agnolin and Roux 2008, Magnanimo et al. 2008, and Cundall et
al. 1989. Cundall et al. 1989 reveal that the prediction of the bulk
modulus is sufﬁciently accurate but that of the effective shearmodu-
lus can be overestimated by as much as a factor of three. Further-
more, Cundall et al. 1989, Makse et al. 1999, and Agnolin and
Roux 2008 state that the average strain assumption fails for lower
conﬁning pressures 0.2 MPa when shear stress is applied due to
displacement ﬂuctuations in the presence of packing disorder and
force chains.On the other hand,Holt et al. 2007 found a goodﬁt be-
tween the stress-strain curve equation 13 of Walton 1987 with
static stress-volumetric strain measurements obtained from glass
beads undergoing hydrostatic loading in a triaxial cell. Our compari-
son ofmeasured volumetric strain data of the entire stress range from
0.1 to 20 MPa load cycle 7 to volumetric strain calculations using
silica glass properties in equation 13 results in an 11.5% lower strain
value than that of the glass-bead sample of Zimmer 2003.
In the regimeof lower conﬁning stress, below5 MPa,we interpret
the good match between experimental measurements of sand and
glass-bead data with the model composed of perfectly smooth
spheres to be due to a loose grain packing in which stick-slip motion
may occur for small strain amplitudes, typically for seismic waves
less than 106. Hence, wave energy is lost in friction, causing
strain-dependent attenuation Q1. Such stick-slip motion may be
explained by time-dependent bond formations at asperity junctions,
surfaces of cracks, or grain-to-grain contacts during passage of a
seismic wave Walsh, 1966; Gordon and Davis, 1968; Hamilton,
1972; Brunson, 1991. However, friction is a nonlinear process be-
cause there is a threshold stress or strain amplitude below which no
motion occurs, reducing the impact of frictional attenuation mecha-
nism on seismic waves as the conﬁning stress and static shear
strength increase.
Winkler et al. 1979 and Winkler 1983 reject such a nonlinear
behavior and friction mechanism for small strain amplitudes typical
of seismic waves less than 106 because the tangential force FT
will be negligible compared to the frictional force FN in equation
28. Johnston et al. 1979, however, found that friction of thin cracks
and grain boundaries is the dominant attenuation mechanism for
consolidated rocks undermost stress conditions of the earth. It is fair
to add that Winkler et al. 1979 and Johnston et al. 1979 used dif-
ferent experimental setups in their analyses, but both used Berea
sandstone of about 22%porosity, which is characterized as a consol-
idated material with quartz cement Yin, 1992; Prasad and Mangh-
nani, 1997. Prasad and Meissner 1992 concluded from measure-
ments and modeling of velocities and quality factors Q that fric-
tional loss mechanisms in unconsolidated coarse-grained sands
must also be considered for amplitude strains less than 106.
Tittmann et al. 1981 presented data on the strain-amplitude de-
pendence of shear-wave attenuation QS1 from two sandstones
measured in the 400-Hz frequency range. Their attention focused on
interface grain bonding between Berea and Boise sandstones which
are similar in composition, porosity, and permeability but differ
greatly in degree of competence see Tittmann et al., 1981, for de-
tails. The Berea sandstone is cemented primarily with clays and
therefore is relatively weak and friable when compared to the Boise
sandstone with its strong, silica-bonded grains. From Figure 1 of
Tittmann et al. 1981,QS1 measured in theBerea sandstone shows a
stronger dependence on strain amplitudes below 106 than those
measured in the Boise sandstone. Hence, it is observed that the onset
of the strain-amplitude dependence of the Boise sandstone is shifted
toward higher strains. This is also observed, although it is more sub-
tle, when comparing extensional attenuation QE1 measurements
versus strain amplitude in the Massillon and Berea sandstone of
Winkler andNur 1982. Greater strain-amplitude dependence is ob-
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served between strains of 106 and 107 for the less cemented or
consolidated Massillon sandstone when compared to the Berea
sandstone.
In addition, an increasing conﬁning pressure or stress translates
the attenuation curves toward lower Q1 values and shifts the onset
of strain-amplitude dependence toward higher strain values Titt-
mann et al., 1981; Winkler and Nur, 1982.Attenuation is frequency
dependent, and therefore the friction lossmay have less impactwith-
in the seismic frequency rangewhen compared to that obtained, e.g.,
in thework of Tittmann et al. 1981.
CONCLUSION
An explicit expression for the effective dry shear modulus of a
random packing of identical spheres is derived usingMindlin’s non-
linear tangential contact stiffness.We replace the linear interpolation
between complete-slip and no-slip grain contacts by combining
Mindlin’s nonlinear friction term f with an expression of the dry
effective shear modulus. This leads to a signiﬁcant and rapid in-
crease of the shear modulus as the compressional- to shear-wave ve-
locity ratio and Poisson’s ratio decrease when compared with a lin-
earmodel, especially for small effective internal frictional resistance
for an ensemble of identical spheres.
Comparison of elastic properties, i.e., our dynamic shear-modu-
lus predictions, with experimental data on loose glass bead and sand
samples appears to match reasonably well at low conﬁning stress
less than 5 MPa, but greater deviation is observed with increasing
conﬁning stress where both experimental data sets gradually cross
the ﬁrst few isofrictional grain-contact curves predicted by ourmod-
el. The sand sample, composed of grains of the same size as the glass
beads butwith greater angularity, has higher dynamic shearmodulus
and shear velocity, which is best explained by grain interlocking.
We argue that the increasing effective internal frictional resis-
tance of the experimental data samples controls both the frictional
attenuation mechanism in loose grain packs under low conﬁning
stress for strain amplitudes typical of seismic waves less than 106
and the higher stress-velocity sensitivity. Circumstantial evidence of
this is found in publications describing both laboratory attenuation
analysis and consolidation experiments on granular materials with
different degrees of competence or static shear strength.
Other factors contributing to the observed elastic-modulus and
velocity deviation are differences in initial grain-fabric geometry,
grain-to-grain contact conditions, stress state, and loading paths be-
tween experiments andmodel predictions. In addition, errors related
to coordination number andmineralmoduli of the grainmaterialwill
impact the magnitude of the modeled effective modulus and veloci-
ties of the sphere pack.
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APPENDIX A
ESTIMATION OF THE MINDLIN
FRICTION TERM
Estimates of the Mindlin friction term  f or stick-slip ratio
can be achieved from core or log data in various ways by using dif-
ferent elastic and petrophysical parameters.When dry effective bulk
modulus Kdry and shear modulus Gdry measurements are avail-
able alongwith the solid-grain Poisson’s ratio , f is given as
f 1
321 53 GdryKdry1 . A-1
The Mindlin friction term as a function of the dry effective VP /VS
and solid-grain Poisson’s ratio is given as
f 1
321 53	VPVSdry
2

4
3
11,
A-2
whereas as a function of the dry effective Poisson’s ratio  dry and
solid-grain Poisson’s ratio, f is
f 1
221 14dry1dry  . A-3
An alternative approach to estimate values of f is from normal
stiffness SN and tangential stiffness ST obtained from linear inversion
of equations 1 and 3. This is given as
	SNST 

1Cp
20R
31Cp
40R
1Cp
12R
0 
1
	GdryKdry 
 .
A-4
Laboratory or well-logmeasurements of dry effective bulk mod-
ulus, shear modulus, and porosity as functions of conﬁning stress,
in addition to coordination number Cp and grain radius R, are re-
quired to solve for the individual contact stiffnesses. Given SN and ST
in addition to the solid-grain Poisson’s ratio, theMindlin friction can
be expressed as
f 1
221  STSN . A-5
The stick-slip ratio expressions  f are all functions of the Pois-
son’s ratio of the grainmaterial.
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Abstract
A random dense packing composed of identical elastic isotropic spheres
becomes transversely isotropic under uniaxial strain loading conditions
and ﬁve elastic moduli are needed to describe the eﬀective medium. Hence,
the elastic constants are larger in the direction of the applied stress than
that of the perpendicular direction. Several published contact models
based on small strain in addition to various loading and grain contact
assumptions attempt to predict stress-induced elastic anisotropy. We
propose a generalized version of a well accepted contact model by in-
corporating an arbitrary frictional contact behavior ranging between two
special contact boundary conditions representing inﬁnite and near zero
friction. New expressions for the ﬁve elastic moduli and Thomsen param-
eters as a function of Mindlin’s extended tangential contact stiﬀness are
derived, describing an eﬀective medium based on frictional contacts. Our
model predicts a decreasing stress-dependent elastic anisotropy with in-
creasing interparticle contact friction. Anisotropy also depends on the net
stress ratio (K
′
0) through the Mindlin friction term (f(μ)) and the Pois-
son’s ratio of the solid sphere material. Instantaneous elastic anisotropy
is predicted by the model as the grain assembly is exposed to uniaxial
compression, but it is independent of the applied vertical net stress. The
stress-dependent elastic anisotropy is always negative when the applied
stress is along the axis of symmetry in the vertical direction. Comparison
of P-wave velocity anisotropy predictions assuming variable interparticle
contact friction with experimental data on an unconsolidated sand un-
der uniaxial strain loading, appear to ﬁt well and lie between the P-wave
velocity anisotropy boundaries representing inﬁnite and near-zero con-
tact friction. The modeling results imply that unconsolidated sands or
sandstones under uniaxial strain loading occurring at shallow depths may
appear with quite a large stress-induced elastic anisotropy (>20%) which
can complicate seismic imaging and amplitude interpretation.
4.1 Introduction
When granular media such as sand or sandstone are exposed to e.g. non-
hydrostatic consolidation, stress-dependent elastic anisotropy is likely to de-
velop (Nur and Simmons, 1969; Thomsen, 1986; Yin, 1992; Ruiz, 2003; Sayers,
2005b; Chen et al., 2006; Holt et al., 2007; Sherlock et al., 2007). As an other-
wise isotropic granular material undergoes e.g. uniaxial stress loading (vertical
net stress > horizontal net stress) elastic anisotropy often develops with the
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larger elastic moduli in the direction of the applied stress compared to those
in the perpendicular directions. This is referred to as stress-induced or stress-
dependent elastic anisotropy. The stress-dependent elastic anisotropy is dif-
ferent from intrinsic anisotropy caused by microstructure within e.g. clay and
shales (White et al., 1983; Hornby, 1994; Wang, 2002; Sayers, 2005a; Brevik
et al., 2007) in that it will not persist when the stress state changes. Diﬀer-
ent theoretical approaches exist for modeling stress-induced elastic anisotropy.
Some authors tries to mimic rocks composed of microfractures or cracks that
close when exposed to non-hydrostatic compression causing directional de-
pendent elastic properties (Walsh, 1965; Nur, 1971; Hudson, 1981; Sayers,
1988; Schwartz et al., 1994; Rathore et al., 1995; Furre, 1997; Shapiro, 2003).
The classic contact theory combines assumptions for some special grain con-
tact boundary conditions, inﬁnite or near zero friction, together with various
anisotropic stress paths to predict the stress-induced elastic anisotropy (Wal-
ton, 1987; Stoll, 1989; Schwartz et al., 1994; Johnson et al., 1998; Sayers, 2002;
Bandyopadhyay, 2009).
We brieﬂy review the main results of Walton’s uniaxial strain model (Walton,
1987) for the special cases of inﬁnite friction and near zero friction between
grains in contact. In addition, we rewrite Walton’s elastic moduli expressions
as a function of normal and tangential contact stiﬀnesses given by Digby (1981)
in a similar way as Stoll (1989) and Johnson et al. (1998), and give explicit
expressions for elastic anisotropy and moduli ratios (e.g. Poisson’s ratio) for
a transversely isotropic medium with a vertical axis of symmetry (VTI). We
derive a generalized model based on Walton (1987) theory connecting the two
special contact boundary conditions by incorporating frictional contacts. Ex-
plicit expressions for the ﬁve new elastic moduli as a function of Mindlin’s
extended tangential contact stiﬀness (Mindlin, 1949) are given, describing an
eﬀective medium based on frictional grain contacts. Furthermore, these are
combined to derive explicit expressions for the Thomsen anisotropy parame-
ters (Thomsen, 1986) that are further used to derive explicit expressions of
the shear strength parameters of a granular medium. Finally, we compare our
modeled P-wave moduli, P-wave anisotropy and shear strength estimates for a
spherical assembly with data from a uniaxial compression test on sand (Ruiz,
2003).
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4.2 Dry eﬀective moduli of a random packing of
identical spheres undergoing uniaxial compres-
sion
Walton (1987) derived explicit expressions for the dry eﬀective elastic moduli
for a granular material composed of a random dense packing (porosity ∼36%)
of equally sized spheres undergoing either hydrostatic conﬁning strain or uniax-
ial strain. For both loading paths he described the eﬀective medium when the
sphere contacts are assumed to be inﬁnitely rough (inﬁnite friction) and per-
fectly smooth (low ﬁnite friction). In the case of uniaxial compression applied
in the vertical direction the granular medium becomes transversely isotropic
with the axis of symmetry (VTI media) aligned with the vertical strain (e3 =0,
e1=e2=0). In the two following subsections we brieﬂy review the main results
of Walton’s uniaxial strain model (Walton, 1987) for the special cases of inﬁ-
nite friction and near zero friction between grains in contact. In addition, we
rewrite Walton’s elastic moduli expressions as a function of normal and tan-
gential contact stiﬀnesses given by Digby (1981) in a similar way as Stoll (1989)
and Johnson et al. (1998), and give explicit expressions for elastic anisotropy,
moduli ratios and Poisson’s ratios of a VTI medium. We will discuss later how
the two limits are connected for a growing interparticle contact friction.
4.2.1 Stress induced elastic anisotropy assuming inﬁnite con-
tact friction (No-slip limit)
Exposing a randomly packed assembly of spheres with inﬁnitely rough grain
contacts to a uniaxial strain loading, the eﬀective medium theory of Walton
(1987) captures the stress-ratio induced elastic anisotropy in terms of the ﬁve
independent elastic stiﬀnesses given as
Cdry11 = 3α + 6β,
Cdry13 = 2α− 4β,
Cdry33 = 8α + 8β,
Cdry44 = 2α + 5β,
Cdry66 = α + 4β,
(4.1)
where modiﬁed versions of Walton’s α and β coeﬃcients can be expressed as
(Holt et al., 2007)
α =
(1− φ)CpG (e3)
1
2
16π (1− ν) , (4.2)
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β =
(1− φ)CpG (e3)
1
2
16π (2− ν) , (4.3)
and ν and G are the Poisson’s ratio and shear modulus of the solid grains
respectively, φ is the porosity, and Cp is the average number of contacts per
grain. e3 is the strain in the vertical direction given by (Holt et al., 2007)
e3 =
[
3π(1− ν)(2− ν)σ′3
(1− φ)CpG(3− 2ν)
] 2
3
, (4.4)
where the net vertical stress (overburden stress minus pore pressure) is given
by σ
′
3. The relation of the vertical strain-horizontal net stress (σ
′
1) can be
expressed as
e3 =
[
12π(1− ν)(2− ν)σ′1
(1− φ)CpGν
] 2
3
. (4.5)
Walton’s expression for Cdry44 in Walton (1987) is incorrect and the corrected
expression is given in equation 4.1 above and is pointed out previously by Holt
et al. (2007) and Bandyopadhyay (2009).
Inserting equations 4.2 and 4.3 into e.g. the expression for Cdry33 given in
equation 4.1 yields
Cdry33 =
(1− φ)Cp
16π
(
8G
1− ν +
8G
2− ν
)
(e3)
1
2 . (4.6)
Walton’s starting point are two identical elastic spheres of radius R that are in
contact under the action of a normal force FN where the Hertz theory (Hertz,
1882) provides a relationship between the circular contact area with radius a
and the normal displacement δN given as
a ≈
√
δNR, (4.7)
where he assumes that δN is much less R (small strains). Since the sphere
assembly is under uniaxial strain loading the vertical or axial strain, e3, is
given as
e3 =
δN
R
. (4.8)
Combining equations 4.7 and 4.8 the vertical strain is directly related to the
circular contact radius a
(e3)
1
2 =
a
R
. (4.9)
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Replacing the strain term of equation 4.6 with that of equation 4.9, Cdry33 is
given as
Cdry33 =
(1− φ)Cp
16πR
(
8Ga
1− ν +
8Ga
2− ν
)
. (4.10)
Rewriting Cdry33 as function of Digby’s (Digby, 1981) normal and tangential
contact stiﬀnesses
SN =
4Ga
1− ν , ST =
8Gb
2− ν , (4.11)
for inﬁnite contact friction (circular bonding radius b=a) yields
Cdry33 =
(1− φ)Cp
16πR
(2SN + ST ) . (4.12)
Correspondingly, the remaining four elastic stiﬀnesses of the eﬀective medium
under uniaxial compression given in equation 4.1 are derived similarly and
given as
Cdry11 =
3(1−φ)Cp
64πR (SN + ST ) ,
Cdry13 =
(1−φ)Cp
32πR (SN − ST ) ,
Cdry44 =
(1−φ)Cp
128πR (4SN + 5ST ) ,
Cdry66 =
(1−φ)Cp
64πR (SN + 2ST ) .
(4.13)
Combining the elastic moduli of equations 4.12 and 4.13 the nondimensional
Thomsen parameters (Thomsen, 1986) , γ and δ are
 = C
dry
11 −Cdry33
2Cdry33
= − 12−7ν16(3−2ν) ,
γ = C
dry
66 −Cdry44
2Cdry44
= − 3−2ν2(9−7ν) ,
δ =
(
Cdry13 +C
dry
44
)2−(Cdry33 −Cdry44 )2
2Cdry33
(
Cdry33 −Cdry44
) = (9−5ν)2−9(5−3ν)248(3−2ν)(5−3ν) ,
(4.14)
when assuming inﬁnite grain contact friction. Note that we use the weak
anisotropy approximation of the δ parameter given by Thomsen (1986) to en-
able direct comparison with other published work. The dry eﬀective elastic
moduli ratio along the axis of symmetry is(
C33
C44
)
dry
=
8 (3− 2ν)
(9− 7ν) , (4.15)
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which corresponds to a vertical eﬀective Poisson’s ratio given as
νdry0 =
(
C33
C44
)
dry
− 2
2
[(
C33
C44
)
dry
− 1
] = 3 + ν
15− 7ν . (4.16)
Equations 4.15 and 4.16 are diﬀerent from those derived by Wang and Nur
(1992) since they used the expression for Cdry44 from Walton (1987). The eﬀec-
tive elastic moduli ratio perpendicular to the axis of symmetry is(
C11
C66
)
dry
=
3 (4− 3ν)
(6− 5ν) , (4.17)
while the corresponding dry eﬀective Poisson’s ratio is
νdryhor =
(
C11
C66
)
dry
− 2
2
[(
C11
C66
)
dry
− 1
] = ν
2 (6− 4ν) . (4.18)
The subscript ”hor” means that the Poisson’s ratio is determined from the
ratio of the elastic moduli in the horizontal direction normal to the axis of
symmetry. All of these eﬀective elastic moduli are valid under the assumption
of a horizontal net stress to vertical net stress ratio (K
′
0) obtained through
dividing equation 4.4 by equation 4.5 (Holt et al., 2007)
K
′
0 =
σ
′
1
σ
′
3
=
ν
4 (3− 2ν) . (4.19)
4.2.2 Stress induced elastic anisotropy assuming ﬁnite contact
friction (Slip limit)
In addition, assuming the same loading conditions as that of equation 4.1,
Walton (1987) derived similar expressions for the elastic stiﬀnesses of an eﬀec-
tive medium with low frictional grain contacts (perfectly smooth spheres) by
setting β to zero. Hence,
Cdry11 = 3α,
Cdry13 = 2α,
Cdry33 = 8α,
Cdry44 = 2α,
Cdry66 = α,
(4.20)
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where α is deﬁned in equation 4.2. The strain, e3, along the vertical axis of
symmetry is now given as (Holt et al., 2007)
e3 =
[
3π(1− ν)σ′3
(1− φ)CpG
] 2
3
, (4.21)
while the vertical strain-horizontal net stress relation is
e3 =
[
12π(1− ν)σ′1
(1− φ)CpG
] 2
3
. (4.22)
Equation 4.20 is equivalent to setting the bonding radius, (Digby, 1981), b, to
zero. The tangential contact stiﬀness then becomes zero (ST = 0) in equations
4.12 and 4.13. Hence, the ﬁve elastic stiﬀnesses in the case of perfectly smooth
spheres are
Cdry11 =
3(1−φ)Cp
64πR SN ,
Cdry13 =
(1−φ)Cp
32πR SN ,
Cdry33 =
(1−φ)Cp
16πR 2SN ,
Cdry44 =
(1−φ)Cp
128πR 4SN ,
Cdry66 =
(1−φ)Cp
64πR SN .
(4.23)
Again, combining the elastic moduli of equation 4.23, the Thomsen param-
eters (Thomsen, 1986) for the slip limit are constant (Duﬀaut et al., 2008;
Bandyopadhyay, 2009)
 = − 516 ,
γ = −14 ,
δ = − 524 .
(4.24)
The dry eﬀective elastic moduli ratio along the axis of symmetry is(
C33
C44
)
dry
= 4, (4.25)
which corresponds to an eﬀective Poisson’s ratio of
νdry0 =
(
C33
C44
)
dry
− 2
2
[(
C33
C44
)
dry
− 1
] = 1
3
. (4.26)
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Correspondingly, the eﬀective elastic moduli ratio perpendicular to the axis of
symmetry is (
C11
C66
)
dry
= 3 (4.27)
which gives an eﬀective Poisson’s ratio of
νdryhor =
(
C11
C66
)
dry
− 2
2
[(
C11
C66
)
dry
− 1
] = 1
4
. (4.28)
All of these eﬀective elastic moduli in the slip limit are valid under the assump-
tion of a K
′
0-value obtained through dividing equation 4.21 by equation 4.22
(Holt et al., 2007)
K
′
0 =
1
4
. (4.29)
4.3 Partial slip with growing contact friction
We have reviewed expressions for eﬀective elastic moduli of two special grain
contact conditions of a random packing of identical spheres exposed to uniax-
ial compression along the axis of symmetry. In this section we use the same
approach as that of Duﬀaut et al. (2010) by incorporating Mindlin’s extended
tangential contact compliance solution (Mindlin, 1949), assuming ﬁnite shear
(or tangential) traction at the contact edge between a pair of spheres, to derive
expressions of the eﬀective elastic moduli of a medium under uniaxial strain
loading. By doing so, we attempt to tie the two special limits given by Walton
(1987) through averaging two frictional grain contacts into an arbitrary eﬀec-
tive frictional behavior of a granular pack composed of an ensemble of spheres
with identical frictional contacts.
Mindlin (1949) introduced frictional contacts assuming partial slip is ini-
tiated at the outer radius a of a circular contact area under constant normal
force (FN ) to an inner radius c with monotonically increasing tangential force
(FT ). Mindlin obtained a distribution of shear traction (stress) assuming a
constant friction coeﬃcient (μ) across the contact surface. By integrating the
traction proﬁle over the contact area Mindlin (1949) showed that
c
a
=
(
1− FT
μFN
) 1
3
, (4.30)
which gives the circular no-slip zone with radius c as function of contact forces
FT , FN and the coeﬃcient of static friction (μ). a represents now the radius of
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the contact zone with stick-slip motion. As FT approaches μFN , c approaches
zero and complete sliding occurs, with a constant tangential force equal to
μFN . Diﬀerentiating the tangential force-displacement relation Mindlin (1949)
showed that the tangential contact stiﬀness is
SfT =
8Gc
2− ν =
8Ga
2− ν
(
1− FT
μFN
) 1
3
. (4.31)
The tangential contact stiﬀness can now vary non-linearly with the applied tan-
gential force. Duﬀaut et al. (2010) deﬁned f(μ)=(1-FT /μFN )
1
3 as the Mindlin
friction term which reﬂects the ratio between the stick-slip radii (equation 4.30)
of the grain contact area. The tangential contact stiﬀness can now be expressed
as
SfT =
8Ga
2− ν f(μ) = ST f(μ). (4.32)
Replacing the tangential stiﬀness given by equation 4.11 with that of equation
4.32) in equations 4.12 and 4.13, the eﬀective elastic moduli of a random sphere
packing with frictional contacts are
Cdry11 =
3(1−φ)Cp
64πR [SN + ST f(μ)] ,
Cdry13 =
(1−φ)Cp
32πR [SN − ST f(μ)] ,
Cdry33 =
(1−φ)Cp
16πR [2SN + ST f(μ)] ,
Cdry44 =
(1−φ)Cp
128πR [4SN + 5ST f(μ)] ,
Cdry66 =
(1−φ)Cp
64πR [SN + 2ST f(μ)] .
(4.33)
The two special limits assuming either slip (f(μ) ≡0, c=0) or no slip (f(μ) ≡1,
c = a) inside the contact area between two spheres are smoothly connected
as the Mindlin friction term increases. Furthermore, combining these elastic
moduli expressions of equation 4.33, the Thomsen parameters become
 = −
(
5+2
(1−ν)
(2−ν)f(μ)
)
16
(
1+
(1−ν)
(2−ν)f(μ)
) ,
γ = −
(
1+
(1−ν)
(2−ν)f(μ)
)
2
(
2+5
(1−ν)
(2−ν)f(μ)
) ,
δ = −9
(
2+
(1−ν)
(2−ν)f(μ)
)2−(4+ (1−ν)
(2−ν)f(μ)
)2
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(
1+
(1−ν)
(2−ν)f(μ)
)(
2+
(1−ν)
(2−ν)f(μ)
) .
(4.34)
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In the special case of complete sliding f(μ)=0 (FT equal to μFN ), the Thomsen
parameters becomes those of equation 4.24. For the limit of inﬁnite friction
representing no-slip f(μ)=1 (FT /μFN = 0), we obtain equation 4.14.
The dry eﬀective elastic moduli ratio along the axis of symmetry is
(
C33
C44
)
dry
=
8
(
1 + (1−ν)(2−ν)f(μ)
)
(
2 + 5 (1−ν)(2−ν)f(μ)
) , (4.35)
which corresponds to a eﬀective Poisson’s ratio
νdry0 =
(
C33
C44
)
dry
− 2
2
[(
C33
C44
)
dry
− 1
] . (4.36)
The eﬀective elastic moduli ratio perpendicular to the axis of symmetry is
(
C11
C66
)
dry
=
3
(
1 + 2 (1−ν)(2−ν)f(μ)
)
(
1 + 4 (1−ν)(2−ν)f(μ)
) , (4.37)
while the corresponding dry eﬀective Poisson’s ratio is
νdryhor =
(
C11
C66
)
dry
− 2
2
[(
C11
C66
)
dry
− 1
] . (4.38)
In the two special limits assuming either slip (f(μ) ≡0, c=0) or no slip (f(μ) ≡1,
c = a), equations 4.35 through to 4.38 correspond to those equations given in
the two previous subsections. All of these eﬀective elastic moduli and ratios
in equations 4.33 through 4.38 are valid under the assumptions of a horizontal
net stress to vertical net stress ratio ranging between 0 ≤K ′0≤ 1/4 and f(μ)
between zero and one.
4.4 Estimating the shear strength of granular media
from velocity anisotropy and net stress-ratio
In the previous section we derived explicit expressions for the ﬁve elastic mod-
uli as a function of the Mindlin friction term (f(μ)), equation 4.30) connecting
the two special boundary conditions of Walton (1987) which represent no slip
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and slip for uniaxial loading conditions. The Mindlin friction term, allowing
partial slip across the contact area between pairs of spheres, attempts to in-
corporate the eﬀect of growing interparticle contact friction within the sphere
pack. Assuming the capacity of the pack of spheres resistance to shear stresses,
or shear strength, originate from frictional resistance at interparticle contacts
we will derive explicit expressions of mobilized friction and mobilized friction
angle from velocity anisotropy and the net stress ratio (K
′
0). The maximum or
peak friction angle of the sphere pack is later determined from the mobilized
friction angle. The coeﬃcient of static friction can be obtained by rearranging
the Mindlin friction term. Thus, from equation 4.30, assuming f(μ) equal c/a
μ =
− FTFN[
(f (μ))3 − 1
] , (4.39)
where the tangential-normal force ratio (FT /FN ) can be expressed in terms of
shear and normal stresses by multiplying by the actual contact area A such
that
AFT
AFN
=
τ
σ
′
3
, (4.40)
where we assume the same contact area for the applied tangential and normal
force. Using the Mohr-Coulomb envelope (Janbu, 1985; Budhu, 2007) the stress
ratio can be written as
τ
σ
′
3
=
σ
′
3 − σ
′
1
2σ′3
=
σ
′
3 −K
′
0σ
′
3
2σ′3
=
1−K ′0
2
. (4.41)
Inserting equation 4.41 into equation 4.39, we redeﬁne μ as the mobilized co-
eﬃcient of friction at a given stress state
μmob =
−
(
1−K ′0
)
2
[
(f (μmob))
3 − 1
] . (4.42)
In the no slip limit, f(μmob) equals one which leads to inﬁnite contact friction
while for the slip limit f(μmob) is zero and K
′
0 equals
1
4 resulting in a ﬁnite
contact friction of 3/8 or 0.375. Given the value of the Mindlin friction term
(f(μ)) the mobilized coeﬃcient of friction can determined at a given equilib-
rium state of stress for a K
′
0 ranging between zero and 1/4. Rewriting equation
4.34, f(μmob) can be expressed as function of any of the Thomsen parameters
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as
f(μmob) = − (2−ν)(1−ν) (5+16)(2+16) ,
f(μmob) = − (2−ν)(1−ν) (1+4γ)(1+10γ) ,
f(μmob) = − (2−ν)(1−ν)
[
(7+36δ)±
√
(7+36δ)2−8(1+6δ)(5+24δ)
4(1+6δ)
]
.
(4.43)
The Mindlin friction term (f(μmob)) expressed as function of δ is a second-
degree equation with two solutions. Inserting a δ equal to -5/24, corresponding
to the slip limit (equation 4.24) yields, f(μmob) ≡ 0, when choosing the solution
with the minus sign. The mobilized friction angle (ρ) at a given stress state is
(Janbu, 1985)
ρ = tan−1 (μmob) , (4.44)
wherein ρ for the two special contact boundary conditions equals 90◦ at the no-
slip limit and approximately 21◦ at the slip limit. Finally, the relation between
the mobilized friction angle and the peak friction angle (φpeak) is (Janbu, 1985)
φpeak = tan−1
(
tan (ρ)
fshear
)
, (4.45)
wherein fshear is the degree of shear mobilization with values ranging between
0.6 and 0.7 (Janbu, 1985). At failure, fshear equals one. Hence, φpeak equals
ρ.
4.5 Model versus experimental data
Figure 4.1 shows a comparison of the horizontal-vertical net stress relation
given by Walton’s model (Walton, 1987) for two special grain contact condi-
tions, inﬁnite and near-zero friction, against experimental data of Ruiz (2003)
on Santa Cruz sand (called SCS in Ruiz (2003)) exposed to uniaxial strain
loading. This is a quarried beach sand with porosity of 45%, grain density
of 2.606 g/cm3, and a mean grain size of 0.25 mm (Ruiz, 2003). The load-
ing path of the experimental data is close to linear and falls well inside the
upper and lower boundaries deﬁned by Walton’s model. Assuming a represen-
tative Poisson’s ratio of 0.19 for the solid sand grains (Duﬀaut et al., 2010),
the K
′
0-value of the loading path is calculated using equation 4.19 for inﬁnite
contact friction. These linear loading paths shown in Figure 4.1 transform into
constant K
′
0-values as shown in Figure 4.2. The upper and lower boundaries
displayed as yellow and black lines resepectively are calculated from equations
4.29 and 4.19 when assuming a solid grain Poisson’s ratio as given previously.
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Figure 4.1: Horizontal net stress (σ′1) versus vertical net stress (σ
′
3) relation assuming
uniaxial strain loading for the two special cases of Walton (1987), slip (equation 4.29) and
no slip (equation 4.19). These are shown as yellow and black lines respectively. A solid grain
Poisson’s ratio of 0.19 (Duﬀaut et al., 2010) is used to model the K
′
0 value in the no slip
limit. Experimental stress measurements of Ruiz (2003) on dry Santa Cruz sand undergoing
comparable uniaxial strain loading tests are shown as black solid circular symbols for one
vertical load cycle between approximately 0.4 to 4 MPa. The horizontal net stress displayed
for the sand data represents an average of the two horizontal net stresses (σ
′
1) and (σ
′
2).
The corresponding average K
′
0-value of the Santa Cruz sand is approximatly
0.12.
The corresponding stress-induced anisotropic P-wave velocities assuming a
VTI medium, are
V dryp33 = V
dry
p0 =
√
Cdry33
(1− φ)ρma , (4.46)
V dryp11 = V
dry
phor
=
√
Cdry11
(1− φ)ρma , (4.47)
where V dryp33 and V
dry
p11 are the vertical and horizontal P-wave velocities respec-
tively, and ρma is the solid grain density. Figure 4.3 shows a comparison
between modeled vertical and horizontal P-wave velocities of the slip (yellow
lines) and no-slip (black lines) limits of Walton (1987) assuming sand grain
density of 2.606 g/cm3 (Ruiz, 2003), shear modulus, G, of 31.4 GPa, and a
Poisson’s ratio of 0.19 (Duﬀaut et al., 2010), with the corresponding dry verti-
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Figure 4.2: Horizontal-vertical net stress ratio (K′0) versus vertical net stress (σ
′
3) assuming
uniaxial strain loading. A comparison of Walton’s model, for the same two special grain
contact limits as shown in Figure 4.1, with the experimental stress measurements of Ruiz
(2003) on dry Santa Cruz sand. Horizontal-vertical net stress ratio displayed for the sand
data represents an average of the two horizontal net stresses (σ
′
1) and (σ
′
2).
cal and horizontal P-wave velocity measurements from a uniaxial consolidation
test performed by Ruiz (2003) on Santa Cruz sand. All the P-wave velocity
predictions made with Walton’s model for the slip and no slip limits are too
high with respect to the experimental velocity measurements of the Santa Cruz
sand. This velocity deviation is most probably explained by the higher poros-
ity of the sand sample (nine porosity units) when compared with that assumed
for Walton’s contact model. The eﬀective-medium theory of Walton (1987),
equations 4.12, 4.13 and 4.23, assumes a random dense packing of identical
spheres with a ﬁxed porosity of ≈36%. Walton (1987) assumed no new con-
tacts are made or lost during compression. A random dense packing with
≈36% porosity corresponds to an average coordination number (Cp) of about
nine (Brandt, 1955; Murphy III, 1982; Zimmer, 2003). These numbers are used
in our P-wave velocity modeling as shown in Figure 4.3. A comparison of the
stress- and friction-dependent P-wave anisotropy parameter (, equation 4.34)
is shown in Figure 4.4 with increasing vertical net stress for a discrete set of
values of the Mindlin friction term (f(μ)), with the corresponding -values cal-
culated from the uniaxial compression test on Santa Cruz sand (Ruiz, 2003).
A more or less constant K
′
0-value of the experimental consolidation test falls
well inside the upper and lower boundaries deﬁned by Walton’s model in the
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Figure 4.3: Dry vertical (Vp33) and horizontal velocities (Vp11) versus vertical net stress
modeled for the two special contact conditions (Walton, 1987), slip (f(μ) ≡0, yellow lines)
and no-slip (f(μ) ≡1, black lines) when assuming solid sand grain properties of ρma = 2.606
g/cm3, G = 31.4 GPa and ν = 0.19 (Duﬀaut et al., 2010). A change in the eﬀective contact
friction from slip to no-slip results in faster P-wave velocities in both vertical and horizontal
directions. Correspondingly, dry vertical and horizontal P-wave velocity measurements from
a uniaxial strain loading test on Santa Cruz sand (SCS in Ruiz (2003)) are shown as black
circle and square symbols respectively, for one load cycle from 0.4 to 4 MPa.
stress space (Figure 4.2). The -values obtained for the sand are nicely located
inside the theoretical P-wave anisotropic limits predicted for the slip and no-
slip boundary conditions of Walton (1987) given by equations 4.24 and 4.14.
The anisotropy derived from the P-wave velocity measurements in the sand
are nearly constant and slightly larger than -0.3. It is worth to note that our
model, equation 4.34, predicts a reduction of the P-wave anisotropy as the
eﬀective contact friction increases. Furthermore, Figures 4.5 through 4.8 show
comparison of model-predictions of shear-strength related parameters deﬁned
previously, the Mindlin friction term (f(μmob)), mobilized friction (μmob), mo-
bilized friction angle (ρ), and maximum or peak friction angle (φpeak) of a
random dense packing of equal spheres when assuming a solid grain Poisson’s
ratio of 0.19 (Duﬀaut et al., 2010; Ruiz, 2003; Zimmer, 2003) with experimen-
tal data on Santa Cruz sand. It is satisfactory to note that all four parameter
estimates, f(μmob), μmob, ρ and φpeak obtained from multi-directional P-wave
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Figure 4.4: Dry P-wave velocity anisotropy (, equation 4.34) versus applied vertical net
stress (σ
′
3) for a discrete set of values of the Mindlin friction term assuming a Poisson’s
ratio of 0.19 (Duﬀaut et al., 2010; Ruiz, 2003; Zimmer, 2003). The two special limits of
Walton (1987), slip (yellow) and no-slip (black), are shown as dashed lines. A rising eﬀective
contact friction results in gradually decreasing P-wave anisotropy. The -values calculated
from multi-directional P-wave velocity measurements from a uniaxial compression test on dry
Santa Cruz sand (SCS in Ruiz (2003)) are shown as black circular symbols, for one load cycle
from ≈ 0.4 to 4 MPa.
velocity measurements and Poisson’s ratio of the grain material via equation
4.34, are larger than those predicted for a sphere assembly with low contact
friction, i.e. the slip limit, (Walton, 1987). Except for the Mindlin friction
term (f(μmob)) the remaining three parameters show minor variation with in-
creasing vertical net stress. The peak friction angle as shown in Figure 4.8 for
the Santa Cruz sand is close to that given by Ruiz (2003) (≈31◦).
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Figure 4.5: Mindlin’s friction term versus applied vertical net stress (σ′3) estimated from
the  values obtained for the Santa Cruz sand using equation 4.43 assuming a solid grain
Poisson’s ratio of 0.19 (Duﬀaut et al., 2010; Ruiz, 2003; Zimmer, 2003). The two special
limits of Walton (1987), slip and no-slip, are shown as yellow and black lines for one load
cycle from ≈ 0.4 to 4 MPa.
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Figure 4.6: Mobilized contact friction versus applied vertical net stress (σ′3) estimated
through f(μmob) and K
′
0-values obtained for the Santa Cruz sand using equation 4.42 when
assuming a Poisson’s ratio of 0.19 of the grain material. The slip limit of Walton (1987) is
shown as the yellow solid lines for one load cycle from ≈ 0.4 to 4 MPa. The inﬁnite friction
is not shown in the ﬁgure simply because it is inﬁnite.
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Figure 4.7: Mobilized friction angle (ρ) versus applied vertical net stress (σ′3) estimated
from mobilized contact friction (μmob) of the Santa Cruz sand using equation 4.44 assuming
a solid grain Poisson’s ratio of 0.19. The two special limits of Walton (1987), slip and no-slip,
are shown as yellow and black lines for one load cycle from ≈ 0.4 to 4 MPa.
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Figure 4.8: Peak friction angle (φpeak) versus applied vertical net stress (σ
′
3) estimated
from mobilized friction angle (ρ) of the Santa Cruz sand using equation 4.45 assuming a solid
grain Poisson’s ratio of 0.19 and a shear mobilsation factor (fshear) of 0.7 (Janbu, 1985). The
slip limit of Walton (1987) is shown as the yellow line for one load cycle from ≈ 0.4 to 4 MPa.
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4.6 Discussion
Our model predicts non-linear behavior of the elastic moduli for a sphere as-
sembly under uniaxial compression through incorporating frictional contacts
between spheres. Under the assumption of small strain deformation (δN <<
R) an instantaneous negative stress-induced elastic anisotropy is predicted for
all Thomsen (1986) parameters where  > δ > γ of the sphere pack. These
elastic anisotropy parameters remain constant as long as both the K
′
0-loading
and interparticle contact friction are constant. Increasing the intergrain con-
tact friction would reduce the magnitude of the elastic anisotropy (less nega-
tive -values) even though this leads to a lower K
′
0-value. We argue that our
modeling results as shown in Figure 4.4 ﬁt well when compared with corre-
sponding P-wave anisotropy measurements of an unconsolidated beach sand
exposed to an uniaxial strain loading reported by Ruiz (2003). The sand has
a much higher porosity (Ruiz, 2003) than that of a random pack of equal
spheres (36%), nine porosity units higher, which we think is the main cause
of the overprediction of the modeled vertical and horizontal P-wave velocities
with respect to the corresponding velocities of the Santa Cruz sand, Figure
4.3. However, a very good ﬁt is observed when comparing the modeled and
measured moduli ratios through the Thomsen  parameter where the elastic
anisotropy measurements fall nicely in between the slip and no-slip limits de-
ﬁned by (Walton, 1987). We argue that this is reasonable because the moduli
ratio expressed as  is less sensitive to porosity diﬀerences in rocks, or expressed
diﬀerently, the elastic moduli e.g. Cdry11 and C
dry
33 of a granular medium has a
fairly similar relative dependence on the intrinsic porosity given that the stress
loading path is more or less the same. A very good correlation is also observed
between the measured K
′
0-values shown in Figure 4.2 and the corresponding
stress-induced P-wave velocity anisotropy measurements (Figure 4.4) on the
Santa Cruz sand. A slight variation, up or down, in K
′
0 during loading leads
to a similar variation of the P-wave velocity anisotropy (Figure 4.4). This
variation supports our argument about the interplay between stress ratio (K
′
0)
and interparticle contact friction causing elastic anisotropy. Theoretically, the
P-wave anisotropy for a given set of K
′
0- and f(μ)-values is constant. This is
reasonable since the contact theory assumes purely elastic deformation (small
strains) of the sphere pack. Hence, the porosity is constant during compression
implying no new contacts are made or lost within the sphere assembly. On the
other hand the minor variation observed in the measured K
′
0 of the sand dur-
ing loading is likely to be due to grain rearrangement causing slight changes of
the macroscopic intergrain friction of the sample across the vertical net stress
range of ≈ 0.4 to 4 MPa. We also observe consistently lower measured P-wave
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anisotropy of the sand, compared to that of the slip limit, over the complete
load path which is reasonable because the sand grains are far more angular
than the smooth spheres assumed in the model, e.g., in Figure 2 of Zimmer
et al. (2007). This suggest that loose uncemented sand or sandstones with low
grain-to-grain contact friction will show larger stress-induced elastic anisotropy
(larger negative Thomsen parameters) than a sand or sandstone composed of
grain contacts with larger intergrain friction for a given state of stress. Greater
stress-induced velocity anisotropy (VTI) would be observed if K
′
0 is allowed to
decrease during compression keeping the horizontal net stress constant. Such
a loading path is shown by e.g. Yin (1992) on Massillon and Berea sandstones
with porosities of about 20%. A saturation of the grain pack for the given state
of stress requires the use of an anisotropic ﬂuid substitution model e.g. that
given by Brown and Korringa (1975) or Carcione (2001). This makes  and
δ non-linear with respect to vertical net stress while γ is unaﬀected (Duﬀaut
et al., 2008; Bandyopadhyay, 2009).
We also show predictions of shear strength parameters in the cases of near
zero and inﬁnite contact friction together with that estimated for the Santa
Cruz sand through use of the Mindlin friction term given in equation 4.43. Fig-
ures 4.5 through 4.8 show comparisons of four model-predictions of parameters
characterizing the shear strength of a granular medium by use of the Mindlin
friction term as a function of . Similar estimates can be made by use of δ
or γ as given in equation 4.43. Both estimates of mobilized (Figure 4.7) and
peak friction angles (Figure 4.8) are larger for the sand when compared to
those of Walton’s slip limit. This is as expected since the sand grains are more
angular. Comparison of our peak friction angle estimate for the sphere pack
assuming low friction (slip limit) ﬁts well with experimental peak friction angle
measurements performed on glass beads (Alshibli and Roussel, 2006). They
observed peak friction angles between 25◦ and 32◦, depending up on pressure
and sphere sizes, as compared to our prediction of 28◦. Correspondingly, peak
friction angle estimates using a static friction coeﬃcient through Coulomb’s
law, given by Ruiz (2003) equals 31◦ while our model predictions in Figure 4.8
are between 33◦ and 34◦.
4.7 Conclusions
A random dense packing composed of identical elastic isotropic spheres be-
comes transversely isotropic under uniaxial strain loading conditions and ﬁve
elastic moduli are needed to describe the eﬀective medium. Hence, the elastic
moduli are larger in the direction of the applied uniaxial compression than in
the perpendicular directions. Several published contact models based on var-
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ious loading and grain contact assumptions attempt to predict stress-induced
elastic anisotropy. We propose a generalized version of a well accepted contact
model by incorporating an arbitrary frictional contact behavior ranging be-
tween two special contact boundary conditions representing inﬁnite and near
zero friction. Our approach is based on the same mean strain-ﬁeld and de-
formation assumptions as usually applied in contact theory. New expressions
for the ﬁve elastic moduli as a function of Mindlin’s extended tangential con-
tact stiﬀness are given, describing an eﬀective medium with frictional grain
contacts.
All elastic moduli increase as both vertical net stress and contact friction
increase and larger moduli are obtained in the direction of the applied uniaxial
strain, as expected. On the other hand, the elastic moduli ratios and elastic
anisotropy (, γ and δ) decrease with increasing interparticle contact friction
and depends on factors such as the net stress ratio (K
′
0), through the Mindlin
friction term (f(μ)) and the Poisson’s ratio of the solid grain material. The
modeled stress-induced elastic anisotropy is instantaneous, independent of the
applied vertical net stress, and is always negative when the uniaxial strain
is applied along the axis of symmetry in the vertical direction. Our model
predicts  > δ > γ for all grain contact conditions going from the slip limit to
the no-slip limit.
Theoretical expressions are derived for both mobilized and maximum shear
strength of a spherical grain pack via elastic anisotropy using any of the Thom-
sen parameters , γ or δ together with the net stress ratio (K
′
0) ranging between
zero and 1/4. The maximum or peak friction angle (maximum shear strength
of the sphere pack) estimated from the mobilized friction and friction angle
is between 28◦ and 32◦ which coincides with the magnitude of peak friction
angle measurements obtained from a published experimental investigation on
glass beads data. Similarly, comparison of model-derived peak friction angle
in the slip limit ﬁts fairly well with that derived using a static friction coeﬃ-
cient (0.6) for soft rocks, which is representative of this beach sand. The peak
friction angles estimated for the slip limit are between 33◦ and 34◦, while that
measured from the Santa Cruz sand 31◦.
Dry P-wave velocity predictions (V dryp33 and V
dry
p11 ) representing inﬁnite and
near-zero contact friction appear to consistently overestimate those obtained
from experimental data on unconsolidated sand. This is most likely due to
higher porosity of the sand sample compared to that assumed in the modeling.
However, a comparison of modeled and measured P-wave anisotropy of the
sand ﬁt nicely inside the two special contact boundary conditions, slip and no-
slip, indicating a larger macroscopic intergrain friction of the sand compared to
that of the slip limit for a spherical grain pack. The P-wave anisotropy of the
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sand is lower (less negative value) than that of Walton’s slip limit most likely
because the sand is composed of grains with higher angularity. Although, the
sand is exposed to a lower K
′
0 loading than that of the slip limit. It is therefore
favorable to explain the stress-dependent elastic anisotropy in unconsolidated
granular materials in term of a rather complex interplay between a grain in-
terlocking mechanism and the state of stress the material is exposed to.
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Chapter 5
Closing remarks
The change in stress sensitivity of elastic-wave velocities in sandstones of diﬀer-
ent degree of consolidation are investigated in this thesis by use of grain contact
models that presuppose idealized random packing of equal spheres with var-
ious assumptions with regard to grain contact and stress loading conditions.
Diﬀerent granular model assumptions are applied in the diﬀerent papers to
relate velocity changes to the microscopic grain contact level as well as ex-
plaining diﬀerences in the stress sensitivity of compressional to shear velocity
ratio (Vp/Vs) derived from real time-lapse seismic amplitude observations. It is
interesting to note that the individual microstructure model assumptions ac-
tually semi-quantitatively explain ultrasonic core measurements, acoustic logs
and time-lapse seismic amplitude responses. To further investigate the time-
lapse seismic amplitude response of the Gullfaks Field it would be interesting
to link 3D geomechanical and seismic modeling and compare these results with
the real seismic observations.
From a rock physics modeling point of view it would be interesting to
further explore the possibility to develop a grain contact model that enbles to
capture changes in stress sensitivity of elastic-wave velocities as unconsolidated
sand lithify into sandstone through the interplay of mechanical and chemical
compaction. The complexity in the problem is large but the model needs to
be simpliﬁed to capture the major alteration of the sediment related to com-
paction, cementation and recrystallization. Also modiﬁcation of the idealized
sphere contact models to handle grain geometries with aspect ratios less than
one is also worth investigating. There exists some work on this theme. Finally,
grain contact models that handle loading paths and in-situ stress conditions
diﬀerent from the usual hydrostatic and uniaxial loading paths can be useful
towards improving our ability to interpret and understand e.g. the seismic
data at hand.
77
78 Closing remarks
The implication of the results obtained in Chapter four on stress-induced
elastic-wave anisotropy in unconsolidated sands are worth following to reveal
the impact it might have on seismic imaging and amplitude interpretation at
shallow depths.
Appendix A
Stress and ﬂuid sensitivity in
two North Sea oil ﬁelds -
comparing rock physics
models with seismic
observations
Paper accepted for publication in The Leading Edge.
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During 4D seismic reservoir characterization, it is important 
to have reliable rock physics models for 
both static (e.g., mineralogy, porosity, 
cement volume) and dynamic (e.g., 
saturation, pressure, temperature) 
reservoir parameters. Without a good 
understanding of reservoir geology 
and associated static rock physics 
properties, it is impossible to interpret 
time-variant changes in pore pressure 
and saturation (Andersen et al., 2009). 
The dry rock properties of the reservoir 
can be obtained from well-log data 
combined with geological information 
about mineral composition and 
rock texture, and Gassmann theory 
to estimate the effect of pore fluid 
changes. Normally, core measurements 
are undertaken to quantify stress 
sensitivity, but these are often affected 
by induced fractures caused by the coring acquisition that 
will enhance the stress sensitivity of the rock (Holt et al., 
2005). Duffaut and Landrø (2007) showed how calibrated 
Hertz-Mindlin contact theory could be applied to estimate 
stress sensitivity on Vp/Vs ratios in two North Sea oil fields 
(Statfjord and Gullfaks), in order to explain observed AVO 
signatures during water injection and associated pore-pressure 
increase. It was found that loose Gullfaks sands yielded high 
Vp/Vs ratios (up to about 7) during water injection, whereas 
slightly quartz-cemented Statfjord sands yielded more 
moderate changes in Vp/Vs ratios (approximately 2). The 
differences were modeled by varying the number of grain-
to-grain contacts. In this paper we further investigate the 
pressure sensitivity of seismic parameters in these two oil 
fields, applying the rock physics modeling approach presented 
by Avseth and Skjei (TLE, this issue), and we demonstrate 
a good match between rock physics modelling results and 
seismic observations in terms of Vp/Vs. The stress sensitivity 
of Vp/Vs decreases drastically when sands become cemented, 
as crack-like porosity at grain contacts are eliminated.
Well-log and seismic data observations
Duffaut and Landrø investigated 4D seismic anomalies at 
Gullfaks and Statfjord, respectively (Figure 1), and in partic-
ular AVO signatures around injection wells in the two fields 
were quantified in terms of elastic parameters. It was found 
that the Vp/Vs ratio in the oil reservoir of the studied Gull-
KENNETH DUFFAUT, Statoil
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MARTIN LANDRø, Norwegian University of Science and Technology
Figure 2. AVO signatures after water injection around the water 
injection wells shown in the map in Figure 1. Note the dramatic 
change in AVO signatures in the Gullfaks case (yellow circles represent 
average calibrated rms values picked at the top reservoir from offset 
stacks of the nearby Gullfaks injector; error bars are indicated). Here, 
a Vp/Vs ratio in the reservoir of approximately 7 was needed to explain 
the significant positive AVO gradient after water injection. For the 
Statfjord case, a more gentle/flat AVO gradient is observed (gray circles 
represent average calibrated amplitude values picked from prestack 
angle gathers nearby Statfjord injector), and a Vp/Vs ratio of ~2 in 
the reservoir gives the optimal fit to the observations (adapted and 
modified from Duffaut and Landrø, 2007).
Figure 1. Seismic amplitude difference maps for Gullfaks and Statfjord fields, in areas with 
water injection at two injector wells. (Duffaut and Landrø, 2007). For the Gullfaks case, the 
anomaly is seen both above and below the OWC (green line in map to the left). For the Statfjord 
case, the anomaly is a pure pressure effect, as the monitor survey was shot when injector was 
online, while the base survey was shot after injection, but with injector offline, implying no 
pressure buildup at that time.
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observed around the two injector wells. Hence, we will use 
these well-log data to estimate dry rock properties that we 
need in order to quantify stress and fluid sensitivity in the 
two injection cases. 
Dry rock properties and stress sensitivity
From the well-log data above, we use Gassmann theory to 
estimate dry rock properties. The fluid properties for the 
Gullfaks Field are as follows: Kwater = 2.54 GPa, Koil = 1.41 
GPa, water density = 1040 kg/m3, and oil density = 824 kg/
m3. The fluid properties for the Statfjord Field are as follows: 
Kwater = 2.72 GPa, Koil = 0.64 GPa, water density = 1000 kg/
m3, and oil density = 693 kg/m3. We assume pure quartz
mineral with mineral bulk and shear moduli of 37 GPa and 
44 GPa, respectively. Figure 4 (left) shows Kdry versus po-
rosity for the reservoir sands in well 1 (Gullfaks) and well 
2 (Statfjord) plotted together with the soft and stiff bounds 
defined by Avseth and Skjei. Note that the Gullfaks data are 
faks sands increased drastically during 
water injection and associated pore-
pressure increase. The AVO signature 
of the monitor case was optimally 
fitted with a Vp/Vs ratio of 7, in order 
to describe the strong positive AVO 
gradient during injection (Figure 2). 
For the Statfjord case, a much smaller 
AVO gradient was observed during 
water injection, and a Vp/Vs ratio of ~2 
gave a fairly good fit to the observed 
AVO signature.
In this study, we investigate well-
log data from two production wells 
from Gullfaks and Statfjord, respec-
tively. These were selected as example 
wells that penetrate representative sec-
tions of the reservoir zones, yet are out-
side the areas affected by pore-pressure 
increase associated with injection. Well 
1 (Gullfaks) is almost vertical (4° in-
clination at target level) and 1.7 km 
southeast of the injector shown in Fig-
ure 1. Well 2 (Statfjord) is also close 
to vertical (7°) and is 2.7 km south-
east of the injector shown in Figure 1. 
The well-log data from the two wells 
are shown in Figure 3. The log data 
comprise shale volume estimated from 
gamma ray (Vsh), water saturation (Sw), 
P-wave velocity (Vp), S-wave velocity 
(Vs) and density. The zone of interest 
in the Gullfaks well is the Cook For-
mation from 1795 to 1866 m. Here, 
we observe a somewhat heterogeneous 
reservoir zone with varying oil satura-
tion. The P-wave velocities range from 
~2000 to 2200 m/s and the S-wave 
velocities are approximately 1000 m/s. 
Densities vary from ~2000 to 2200 kg/m3, and the average
porosity in the reservoir is 0.33. Furthermore, the Gullfaks 
reservoir sands in this well are known to be loose or poorly 
consolidated. There is also a more poorly sorted, shaly sand-
stone interval of the Cook Formation, ranging from 1866 to 
1923 m, which is water-saturated. Here, the average porosity 
is 0.22. The zone of interest in the Statfjord well is the Tarbert 
Formation from 2523 to 2562 m. Also here we observe a 
somewhat heterogeneous reservoir zone with fluctuating oil 
saturation. The P-wave velocities range from ~2500 to 3000 
m/s and S-wave velocities are approximately 1200 to 1600 
m/s. Densities vary quite a lot, but the cleanest reservoir zone 
shows densities of approximately 2100 kg/m3. The aver-
age porosity of the reservoir sandstones is found to be 0.30. 
Knowing that well 1 and well 2 penetrate the target zones in 
the two oil fields, we assume that the well-log data in these 
wells are representative for the reservoir properties prior to 
pressure changes in the areas where the AVO anomalies were 
Figure 3. Well-log data from Gullfaks (well 1, above) and Statfjord (well 2, below) fields, 
including shale volume (green curve in leftmost subplots), water saturation (red curve in leftmost 
subplots), P-wave velocity (blue curve in middle subplots), S-wave velocity (cyan curve in middle 
subplots), and density (right subplot). Note the somewhat higher velocities in the Statfjord 
well compared to the Gullfaks well, indicating the higher degree of consolidation in the deeper 
Statfjord case. 
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plotting close to and partly on the soft bound. This confirms 
that the reservoir sands in the Cook Formation of Gullfaks 
Field are loose or poorly consolidated. The Statfjord data, on 
the other hand, are plotting between the soft and the stiff 
bounds, even though the porosities quite overlap with the 
Gullfaks data. This indicates that the reservoir sandstones 
in the Tarbert Formation of Statfjord Field are slightly ce-
mented (Avseth et al., 2009). 
We use the approach suggested by Avseth and Skjei to 
estimate the weight factor of each data point representing the 
relative location between the soft and stiff bounds, where any 
point falling on or below the soft bound will have W = 0 and 
any point falling on or above the stiff bound will have W = 
1. (Figure 4, right). Here we show results only for the dry 
bulk modulus, but a similar approach is done for the shear 
modulus. Following the arguments of Avseth and Skjei, we 
assume that this weight function is directly related to the de-
gree of consolidation and cementation, which again will con-
trol the stress sensitivity according to a patchy cement model. 
In the model developed by Avseth and Skjei, the soft bound 
is assumed to have zero friction for any 
pressure, and stress sensitivity is associ-
ated with loose grain contacts that are 
pressured together in accordance with 
Walton smooth contact theory. Duf-
faut et al. (2010) demonstrated how 
stress sensitivity in unconsolidated 
sands is also affected by pressure-de-
pendent friction that will amplify the 
stress sensitivity associated with in-
creasing area of contact between grain 
contacts in loose sands. In the patchy 
cement model, however, every grain 
contact that is cemented will contrib-
ute to decreasing stress sensitivity. 
Using the extracted weight fac-
tors, we can estimate probability den-
sity functions (pdf ) of stress sensitivity 
for the two reservoirs, plotted as Kdry 
versus differential pressure in Figure 5 
(we assume here that differential pres-
sure equals effective pressure). We ob-
serve that the stress sensitivity is larger, 
in general, for the Gullfaks case, than 
for the Statfjord case. There are over-
laps between the stress pdfs, but the 
higher probabilities are well separated 
and give us a good impression of the 
expected stress sensitivity in the two 
fields. It is also interesting to note that 
the uncertainties in stress sensitivity 
decrease with increasing differential 
pressure (i.e., relatively high probabili-
ties are depicted in yellow and red in 
Figure 5). We can use the pdfs in Fig-
ure 5 to evaluate the expected changes 
in elastic and seismic properties during 
injection in the two fields. The initial vertical stress in the 
Gullfaks case is only approximately 6–8 MPa, whereas in the 
Statfjord case, the initial vertical stress is around 15 MPa. The 
pore-pressure increase is approximately 6 MPa in the Gull-
faks case during injection, which means we are approaching 
zero differential pressure. We see that the expected Kdry at 
zero differential pressure is only 1–2 GPa, and at 6 MPa it is 
around 3 GPa. For the Statfjord case, where initial differential 
pressure is approximately 15 MPa, the pore-pressure increase 
is around 8 MPa, meaning that the differential pressure is 
approximately 7 MPa during injection. Hence, we expect a 
drop in dry rock incompressibility of less than 0.5 GPa. These 
modeling results can explain the observed AVO differences in 
Figure 2. The fact that the Gullfaks reservoir sands are poorly 
consolidated or unconsolidated, and the pore-pressure in-
crease leads to nearly zero differential pressure, results in high 
Vp/Vs ratios. For the Statfjord case, the more consolidated na-
ture of the reservoir sandstones, in combination with a larger 
initial differential pressure, causes little change in Vp/Vs ratios 
during injection. In the next section, we investigate how the 
Figure 5. Probability density functions (pdfs) of stress sensitivity for the Statfjord (left) and 
Gullfaks (right) well-log data investigated in this study (color = probability). Note the significant 
larger stress sensitivity for the Gullfaks case, even though the porosities overlap in the two cases. 
The cementation occurring in the Statfjord Field sandstones is drastically reducing the stress 
sensitivity and causing much higher dry frame bulk moduli. The unconsolidated sands at the 
Gullfaks field are stress-sensitive due to the loose grain contacts that can be pressed together 
during increasing effective stress. 
Figure 4. Dry rock incompressibility versus porosity for the Gullfaks and Statfjord reservoirs 
(left). Note that the Gullfaks data plot close to the pressure-sensitive soft bound and the Statfjord 
data plot closer to the pressure-insensitive stiff bound. A weight factor (color code in right hand 
subplot) can be estimated depending on the distance from a data point to the bounds, and this 
weight factor is used to estimate the stress sensitivity curve for each data point.
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Figure 7. Stress-sensitivity curves derived from regression formulas by Avseth and Skjei plotted as acoustic impedance versus Vp/Vs compared 
with well-log data from Gullfaks (left) and Statfjord (right) fields, respectively. We have assumed 0% cement for Gullfaks and 4% cement for 
Statfjord. The well-log data are representative of in-situ conditions prior to pressure changes associated with injection/production. The effective 
vertical stresses are 6–8 MPa at Gullfaks and approximately 15 MPa at Statfjord. In general, there is a good match between models and data. 
We slightly overpredict Vp/Vs ratios for loose oil sands at Gullfaks. Some of the sands may have initial cement (<1%). The assumption of zero 
friction for loose sands may also give Vp/Vs ratios that are too high, as friction may increase with pressure (Duffaut et al., 2010). Also, the 
monomineralogic assumption (quartz) may be unrealistic. The water zone in the Gullfaks well is found to be rather shaly, yet we obtain a good 
match with the model. The water-saturated sandstones in the Statfjord case may be slightly more cemented than the oil zone. As shown in Figure 
6, the stress sensitivity is expected to be much larger for the loose Gullfaks sands than for the cemented Statfjord sandstones.
Figure 6. Pressure-sensitivity modeling using regression formulas 
extracted by Avseth and Skjei for unconsolidated sands and cemented 
sandstones filled with oil and brine. The simulation shows differential 
pressure varying from 20 to 0 MPa. Note the larger pressure sensitivity 
for the unconsolidated sands than for the cemented sandstones. Inputs 
to the regression formulas include porosity, cement volume, and 
effective pressure (we assume effective pressure = differential pressure). 
The injection processes described by Duffaut et al. (2007) for Gullfaks 
and Statfjord are indicated with arrows. For the Gullfaks case, we 
have oil replaced by water and pore-pressure increase during injection, 
from the base to the monitor. Here we expect a dramatic increase in 
Vp/Vs as differential pressure approaches zero. For the Statfjord case, 
the base and monitor 4D are both water-saturated, but monitor data 
were recorded when an injector was online and pore pressure increasing 
accordingly. Here, we expect a small increase in Vp/Vs in the vicinity 
of 2. 
stress-sensitivity functions derived by Avseth and Skjei will 
affect acoustic impedance versus Vp/Vs, in so-called dynamic 
rock physics template plots. 
Rock physics template analysis of reservoir changes
The nonlinear regression formulas extracted by Avseth and 
Skjei have been applied to the Gullfaks and Statfjord cases. 
We assume that the target sand in Gullfaks Field has zero 
cement, or is completely unconsolidated, as demonstrated in 
Figure 4. The average porosity in the Cook Formation sands 
encountered by the Gullfaks well in this study is 0.33 for 
the oil zone and 0.22 for the more poorly sorted water zone. 
For the Statfjord case, the Tarbert Formation sands have an 
average porosity of 0.3 both for the oil and water zones. The 
cement volume in the Statfjord case has been estimated to 
be approximately 3–4% using the technique of Avseth et al. 
(2009). This is close to the estimates from thin-section and 
SEM of 1–3% reported by Bjørlykke et al. (1992). Using only 
porosity and cement volume as input parameters, we are able 
to predict the pressure sensitivity for the Gullfaks and Stat-
fjord cases. Figure 6 shows that unconsolidated sands will 
have much larger stress sensitivity than cemented sandstones, 
especially in terms of Vp/Vs. For unconsolidated sands satu-
rated with oil or water, the Vp/Vs ratio can go to infinitely 
high values when differential pressure approaches zero. This 
makes sense, since loose sands at zero differential pressure 
will go into suspension phase without shear rigidity. 
Figure 7 shows the regression model trends compared 
with the well-log data described in this study. In general, 
there is a nice match between the well-log data and the regres-
sion model results. Recall that the only input parameters for 
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the dry rock properties here are porosity, cement volume, and 
differential pressure, and these are combined with Gassmann 
theory to predict the saturated seismic properties. The values 
for in-situ differential pressures (6 MPa for Gullfaks and 15 
MPa for Statfjord) are fairly near the data clouds for both oil 
and water cases. The Vp/Vs ratios are predicted to be some-
what higher for the loose Gullfaks sands than what is ob-
served in the well-log data. This could be due to the fact that 
the model is derived from contact theory where we assume 
zero friction in loose sands. Adding some pressure-dependent 
friction in the original model could have given an even bet-
ter fit here. It could also be that some of the Gullfaks sands 
have tiny amounts of cement that affect the Vp/Vs ratios 
(Bjørlykke et al., 1992, report estimates of 0 to 0.7%). For 
the shalier and poorly sorted water-filled sands, we observe a 
good match even though the modeling assumes pure quartz. 
For the cemented Statfjord sandstones, we observe an excel-
lent match for the oil-saturated case, but Vp/Vs values are pre-
dicted somewhat higher in the water-saturated sandstones. It 
could be that the cement volume in the water-filled sand-
stones is slightly higher than for the oil-filled sandstones, as 
we assumed 4% for the whole Tarbert Formation. 
Regarding predicted dynamic changes during injection, 
we observe that the regression formulas predict relatively large 
increase in Vp/Vs ratios with decreasing differential pressure 
for the sands in the Gullfaks area, and that we can easily get 
Vp/Vs ratios of 7 or higher when differential pressure approach 
zero. For the cemented Statfjord sandstones filled with water, 
a pore-pressure increase of 8 MPa will result in a Vp/Vs of 
approximately 2. These observations match well with the Vp/
Vs values derived from AVO analysis by Duffaut and Landrø 
(2007), as shown in Figure 2. 
Conclusions
We have quantified the combined stress and fluid sensitiv-
ity during injection in two North Sea sandstone reservoirs. 
Using rock physics models based on contact theory, we have 
documented the effect of consolidation and cement volume 
on Vp/Vs ratios in these two cases, and our results agree well 
with previously published AVO studies from the two fields. 
The results in this study validate the rock physics modeling 
approach for patchy cemented sandstones where we assume 
stress sensitivity is maintained through microcracks at loose 
grain contacts, as presented by Avseth and Skjei. In general, 
we will expect stress sensitivity to decrease with burial depth 
due to consolidation and cementation. Pressure-dependent 
friction may increase the stress sensitivity of unconsolidated 
grain contacts, but in this study we have assumed zero fric-
tion for loose sands. Future research will further investigate 
the role of friction, nonuniform grain contacts and heteroge-
neous stress patterns on fluid and stress sensitivity of reservoir 
sandstones. Ultimately, the modeling approach presented in 
this study can be integrated with seismic inversion and reser-
voir mapping from 4D seismic for sandstone reservoirs. 
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